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Introduction

(Lee and Lee, 2022) proved asymptotic properties for Bayesian Neural Network in
Besov space. Theorem 1 proves asymptotic properties of Bayesian ReLLU networ-
ks with spike-and-slab prior. Since computational cost of the prior is unsuitable,
shrinkage prior is introduced and the same property with the prior is proven in
Theorem 3. This report includes details of the model setting, statement and proof
of Theorem 3.

Main contents

Model

Suppose that n input-output observations D, = (X;,y;)™, C [0,1]¢ x R are indepen-
dent random sample from a regression model

where (&)™, is an i.i.d sequence of Gaussian noises N'(0,02) with known variance
0% > 0 and fy is the true regression function belonging to the space F. We consider
neural network space ®(L, W, S, B) = ®(O(L,W, S, B)) generated by a parameter
space O(L,W,S,B) defined in (Lee and Lee, 2022), and a prior defined as following
conditions. The prior will be specified to shrinkage prior later.

7(L="L,)=7(W=W,)=n(S=S,) =n(B=DB,) =1, (2)
7(0|L,W,S,B) ﬁ (6;|L,W,S.B) (3)

where T' = |©O(L,W,S,B)|, and ¢(t) := g(t|L, W, S, B) is a symmetric density fun-

ction decreasing on t > 0.

For function spaces, we consider Besov space B; () = {f : Bs, < 00} defined
n (Lee and Lee, 2022). Also, suppose that 0 < F < 00,0 < pg < 0o, w :=

d(l/p —1/2); < s < oo and set v = (s — w)/(2w). Assume that m € N satisfies

0 < s <min{mm —1+1/p}. Let N,, = [n¥Z+)] W, = 6dm(m + 2) + 2d and

Ln = L(Nn>7Wn = NnW07
S, = (L, — 1)WZN, + N,, B, = O(NZ)

n

(4)

( )m dvm

2e
h m = (1 +2d -1 L(N,) =3+ 2]1 511 dV ,
where ) = (1+ 2de= 7)™, L(N,) = 3+ 2flogo( ) + 51 loga(d v o)

Tp = N8/d=@ 7+ A/p=5)+ (Jog N, )~ and Z = (v~  +d )1V (d/p — 5)4). Then
we can show the following equations.

L, = O(logn),W,, = O(N,), S, = O(N, logn) (5)
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Lemmas

Lemma 3, 5, 6 from (Lee and Lee, 2022), and the rest of lemmas are directly used
in the proof of theorem 3.

Lemma 3 Assume model (1). Suppose that F is uniformly bounded. Let
Aoy = A{f € Folf = folln < Me}

, where || - ||, denotes the empirical L? norm,

(f(Xx0)%)"?

1

1£lln = (

n

S|

(2

If there exist C > 2/0?* and F, C F such that

sup log N(€/36, Acy N Fy, || - [In) < nes, (6)
€E>€n
(A, 1) > e, (7)
(F — F,) = ofe™ (@72 (8)
for any €, — 0, ne2 — oo,
II(AZ o, D) — 0

mn P}f) -probability as n — oo for any M, — oo.
Lemma 5 For L,W,S € N and B,a > 0, define a function space
O(L,W,S,Bya) ={fp:0 € O(LW,S B,a)}

where
O(L,W,8,B,a) = {0 : (0:1(16:] > a))[, € O(L,W,S,B)}

. Then, Ye > 2aL(B Vv 1))=Y (W + 1)%,
log N (e, ®(L,W,S,B.a),|| - ||z~ < (S +1)1log(2¢ ' L(B Vv 1)*(W + 1)*5)  (9)

Lemma 6 Suppose that 0 < p,q,r < oco,w = d(1/p—1/r)y < s < o0 and v =
(s —w)/(2w). Assume that N € N is sufficiently large and m € N satisfies 0 < s <
min{m, m — 1+ 1/p}. Let Wy = 6dm(m + 2) + 2d. Then,

fer(Sgi[o,l]d)) fGH(iLI,IVE/,s,B) I fo = fller S N7 (10)
for
avm
L=3+2 ’710g2 (TUV)C(dm)) —1—5-‘ [logy(d VvV m)], W = NW,, (11)
S =(L—1)W2N + N,B=0Q(NC "+ )0v@d/p=s)+)) (12)

2e)™\
where U(H) is the unit ball of a quasi-Banach space H, ¢am) = <1 + QdG(;)ﬁ >

and T7(N) = N—s/d=(v7 +d=)(d/p—s)+ (log N)~1.
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Lemma Fize >0 andf € O(LW.,S,B). For any 0* € O(L,W.S,B) which satisfies
H@ — 9”00 < €, then

|fola) = fo-(2)| < eL(BV )FH (W +1)" (13)
This lemma is proved from the proof of lemma 4 in (Lee and Lee, 2022).

Lemma (tailbound of binomial distribution, Arratia and Gordon, 1989) Let S, ~
B(n,p), and H(a,p) be the relative entropy between p, a, i.e.

1—
H = H(a,p) = (a)log = + (1 - a)log 7— (14)
p —
. For0<p<a<1, and forn € N, with H = H(a,p),
P(S, >an) < e (15)

Statement

Assume model (1), prior distribution (2) and (3). Suppose that 0 < F' < 0o, 0 <
p,q <ocandd(1/p—1/2); < s <min{m,m—1+1/p}. Let ¢, = n=*/@s+d) (log n)3/2
and ¢(t) be a function such that

€n

<
= 2L, (B v B (W, + 1) (16)
Up = : ]g(t|Ln>Wn7Sn>Bn>dt
satisfies S s
>l —u, > —n, 1
T > Uy > Tnn , (17)
_10gg(Bn’Ln7Wn>SnaBn) S (log n)27 (18)
continuous on [— B, B,] and
Vn = / 9L Wh S, Ba)dt = 0 (7505 (19)
[—Bn,Bn]C

where 7, = exp(—Kne2/S,) for some K, Ky > 4. The posterior distribution con-
centrates at the true function with a rate ¢,. That is,

(fy € ®NUBE) < [|fs — folln > Maen|Dy) — 0

in P}:)-probabﬂity as n — oo for any M, — oo.
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Proof

We mainly use lemma 3 to show contraction rate of the posterior distribution. Thus
we let F = @ NUB(F), and it is enough to show that there exists a constant
C" > 2/c* and F,, € F which satisfies

sup log N (€/36, Ac1 N F,|| - ||n) < nei (20)
€>€p

—logII(A,, 1) < C'"né (21)

[[(F — F,) = o(e ("o +2nen) (22)

for sufficiently large n. Let F,, = ®(L,,,W,,,S,,Bn,a,) NUB(F), ® defined as in lem-
ma 5. We check the three condition (20), (21), (22) in (a), (b), (c) respectively.

(a)
sup log N (e/36, A1 N Fo, || - ||n)

€>€n

<suplog N(€/36,Ac1 N Fu,ll - || 2<)
€E>€En

<suplog N(¢/36,F,,| - ||z=)
€>€n

<1og N(en/36,F|| - |11 (23)

<(Sn + 1) log Ly, + Ly log((B, V 1) (W, + 1)?) — log =

72
SNa(logn)?
=ne>

for sufficiently large n. the fourth inequality satisfies by lemma 5, and the last
inequality satisfies from the previous condtion of parameters (5). Thus, (20) satis-

fies.
(b) By lemma 6, there is a constant C' > 0 and fo = fs € Fn such that
£ = follz2 < Cllfol

1f = foll2 < 4|lf — foll72 (25)

for sufficiently large n almost surely. Let 4 and éﬁ be index and value of nonzero

Bg’q([oyl]d)Ngs/d S Gn/4 (24)

components of 0 respectively. Let
O(L,W,S,B,a) = {0 : 0 € ©(L,W,5,B,a)} (26)

and O(%; Ly, Wy, Sn,Bn,ay) be a subset of parameter space ©(L,,,W,,,Sn,Bp,a,) con-
sists of parameters which have nonzero components at 4 only
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and F,(§) = d(%; Ly ;W ,Sn, Byan) NUB(F) be an uniformly bounded neural net-
work space generated by ©(%; L,,,W,,,S,,,By,a,). Then,

(Ac, s =TI(f € F[If = folln < €n)
> A, =TI(f € F:|If = follze < €n/2)
>M(Ae,n =T(f € F i (If = fallez + [1fn = follzz < €a/2)

v

N(f € F:llf = fallze < ea/4)
N(f€F:|f = falle= < en/4)
N(f € Fu3) : If = falliw < en/4)

Y

(
(
(
H(Aen V=T(f € F:|f = falle < en/4 | fu = follzz < en/4) (27)
(
(
(

v

We use (25) for the first inequality, and triangular inequality for the second inequa-
lity. The first equality comes from (24). The following inequalities is satisfied by
previous lemma (13), and prior constraint (16), (17), (18), (19).

N(f € Fuld) : I1f = falle < €n/4)
>TI(0 € R™ : 05 € [—an,an)™ 5" ]|04]lcc < B,

R €
. — 0. < n 28
165 = b5l < AW, + D)L, (B, V 1)Ln_1) (28)

Bn
Sl S gty
Bn—tn

€n

here t,, = . Letti
where W Wy + 1) En Ly (B v 1)l etting
B,
b= [ gt > tg(B,) (29)

, we can induce following inequalities. (29) is true since g decreases on [0,00).

—logII(A., 1) < — Splogy, — (T, — S,) logu,

=— Sy logt, — Sylogg(By) + Tn(1 — S,/T,)(Sn/Tn + 0(S,/Ts))

<S,(logn)?+ S, + o(S,)

Sney,

(30)

. The equality satisfies by Taylor expansion —log(l — x) = x 4 o(x), for x =
Sy/T,. Last inequality comes from (5). Thus, there exists a constant C; such that
—logII(A,, 1) < Ciné?.

(c) since F,, has extra constraint of a,, (16), (17), (18), (19) generated by the shrinka-
ge prior, a function f in F — F, should either have a parameter 6; that |0;| > B,
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or have more than S,, parameters that the absolute value is bigger than a,,. Thus,

II(F — F,)
Tn
<n(3|6)] > By | Ln,W,Sn.By) 1(16:| > an) > Su|Ln,.Win,Sn,By)
=1
=(1=(1—=v,)™) 4+ P(S > S,|5 ~ B( uy))
< _ _ L7 el
<Tyv, + eap ( T, {(1 50/ og o0 Ty S Sl )
— —Kone2+log Ty, _ L . Sn/Tn
o(e )+ exp (Tn(l S,/ T,) log 1= S./T, Sy log —
< Kine;, o o 2
<o(e )+ exp (Tn(l Sn/T,) log (1 — 5./, +o < =S, Kne?

:O(G—Klne%) + O(€_K2n€$‘>

:o(e_ min{Kl,Kz}nei)

(31)
for some 4 < K; < Ky and 4 < Ky < K. The second inequality uses Bernouli
inequality and lemma about tailbound of binomial distribution (14). The last inequa-
lity satisfies since the scale of T, is determined by (5), and Taylor expansion. Let
CQ = (min{Kl,KQ} - 2)/0’2.

Let C" := min{C},C5}, to cover both the case (b), (c), and we can say the three
condition (20), (21), (22) is satisfied.

Thus, theorem 3 is proved.

Conclusion

In theorem 3, shrinkage prior is introduced instead to deal with unsuitable com-
putational cost of implementing spike-and-slab prior, preserving the asymptotic
properties within the posterior distribution. We can catch the insight that we can
substitute the prior with any prior that has several advantages, though the prior
should satisfy strict tail conditions. The key difference to show contraction rate of
posterior distribution via new prior was in lemma 3 (or lemma 2) in (Lee and Lee,
2022). Also, determining lower, upper bound of tail distribution led to the conditions
((7),(8) respectively) from the lemma. We can expect to get more decent conditions
to prior by inducing tighter bounds for inequalities, though in larger perspective,
the limitation of dimension-depended contraction rate of posterior distribution still
exists.
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