Asymptotic Properties for Bayesian Neural Network in Besov

Space - Theorem 2
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A 2] (Theorem 2 in Lee and Leq [2022]). Assume model

yi = fo(Xi) + &, fi@N(O,UQ) t=1,---,m,

Let
L,(H)=[H(logn)] V1, W,(H,N)=HN, S,(H,N)=HNL,(H), B,(H,N) = N, (1)

Consider the following prior

A%

NZ1v[Z/(logn)?], 7z(Z)= Ziew — 1)

forZ=1,2,---, (2)
and prior distribution

m(0ilvj, L, W, S, B) = ~;7(0;|L, W, S, B) + (1 — 7;)d0(0;),

Y
r(yILW,5,B)=1/ " |,
S

m(L=Ly)=7a(W=W,)=n(S=5,) =n(B=D5B,)=1.

of 6 given in(Hn), W, (H,,N), S’,L(HH,N), B,L(Hn,N) on the function space

=) (J ®Ln(H,), Wo(Hn,N), Sp(Hpn, N), Bn(H,,N)) 3)
n=1 N=1



for any H, — oo and Ay > 0. Suppose that 0 < F < oo, 0 < p,q < o0 and d(1/p —1/2)4 <

s < min{m,m — 1+ 1/p}. The posterior distribution concentrates at the true function with a rate

en ="+ D (1ogn)3/2. That is,

I(fo € @ NUB(F) : [1fo — foll, > MuealDa) = 0
in P}:)-probability as n — oo for any M, — co.

Proof. Let F = ®NUB(F). From Lemma 3, it is enough to show that there exist a constant C’ > 2/0>
and F,, C F which satisfy

(a) sup log N(e/36, Ac1 N F,||l,) < nez
[

(b) —logIl(A., 1) < C'ne?

(© T(F = Fp) = o (e (@ 42mel)

for sufficiently large n. From

L, = O(logn), W,, = O(N,,), S, = O(N,logn), 4)
we can choose
Hy > sup{L,/logn, W,/N,, S,/(N,logn), Z}. 5)
Let N, = Cy Ny,
N ~ ~
Fn =UB(F)N U W, (Ho, N), Sn(Ho,N), B,(Hy, N))

for sufficiently large Cy > 0 and wx(N) be a density function of N. First, show that (a) holds. From

Lemma 4,
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for sufficiently large n. Next, show that (b) holds. Note

sup log N ( s Ac1 N Fp, ””n)
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< suplog N (-, A N Fo )
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Ln < L,(H,), W, < W, (H,,N,), S,

Ly (Ho) (B (Ho, Ny) v 1)E 0 (W, (Ho, N,) + 1)2En (H°))

N, (logn)® < ne? and

< 8,(Hn,Ny), B, < Bn(Hy,,N,)
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for Ny, L,, Wy, Sp, By in Theorem 1 and sufficiently large n. Thus, there exists a constant D > 0
such that

and

holds for sufficiently large n. (b) holds for ¢’ = max{C +D,1+ 2/02}. From

and Chernoff bound, for any positive number ¢, Zy > 0,

Ny,
N (Ny) 2 exp(—Nn(logn) log — Y. ) > exp(—Dney)

(fo € Fu: If = foll,

> n (N)I(fo € ©(Ly, Wi, S, By) -
> exp(—(C + D)ne?)

II(F — F,) < 7n(N > N,)

P(Z > Zy) < e W DE [t

Letting t = log Zy, we get

Thus,

P(Z > Zy) < e”ZotD108 2o (oxp(ZoAy) — 1).

an(N > N,) <e”

(C'0? + 2)ne2 + Ay N, (logn)? —

for sufficiently large C'y > 0. (c) holds.

15 e~ Zo+1) (exp(e’An) —1).
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