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정리 2

아래의정리은 Polson and Ročková [2018]의 정리 6.2를베소프공간으로확장한것입니다. 해당정리는

베이즈ReLU 신경망이 spike-and-slab 사전분포하에서평활모수를모르는경우에도최적의베이즈추론

이가능함을의미합니다.

정리 (Theorem 2 in Lee and Lee [2022]). Assume model

yi = f0(Xi) + ξi, ξi
iid∼ N(0, σ2) i = 1, · · · , n,

Let

L̃n(H) = ⌈H(logn)⌉ ∨ 1, W̃n(H,N) = HN, S̃n(H,N) = HNL̃n(H), B̃n(H,N) = NH . (1)

Consider the following prior

N
d≡ 1 ∨ ⌈Z/(logn)2⌉, πZ (Z) =

λZ
N

Z!(eλN − 1)
for Z = 1, 2, · · · , (2)

and prior distribution

π(θj |γj , L,W, S,B) = γj π̃(θj |L,W,S,B) + (1− γj)δ0(θj),

π(γ|L,W,S,B) = 1/

T

S

 ,

π(L = Ln) = π(W = Wn) = π(S = Sn) = π(B = Bn) = 1.

of θ given L̃n(Hn), W̃n(Hn, N), S̃n(Hn, N), B̃n(Hn, N) on the function space

Φ =

∞∪
n=1

∞∪
N=1

Φ(L̃n(Hn), W̃n(Hn, N), S̃n(Hn, N), B̃n(Hn, N)) (3)
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for any Hn → ∞ and λN > 0. Suppose that 0 < F < ∞, 0 < p, q ≤ ∞ and d(1/p − 1/2)+ <

s < min{m,m − 1 + 1/p}. The posterior distribution concentrates at the true function with a rate

ϵn = n−s/(2s+d)(logn)3/2. That is,

Π(fθ ∈ Φ ∩ UB(F ) : ∥fθ − f0∥n > Mnϵn|Dn) → 0

in P
(n)
f0

-probability as n → ∞ for any Mn → ∞.

Proof. Let F = Φ∩UB(F ). From Lemma 3, it is enough to show that there exist a constant C ′ > 2/σ2

and Fn ⊂ F which satisfy

(a) sup
ϵ>ϵn

logN(ϵ/36, Aϵ,1 ∩ Fn, ∥·∥n) ≤ nϵ2n

(b) − logΠ(Aϵn,1) ≤ C ′nϵ2n

(c) Π(F − Fn) = o
(
e−(C′σ2+2)nϵ2n

)
for sufficiently large n. From

Ln = O(logn), Wn = O(Nn), Sn = O(Nn logn), (4)

we can choose

H0 > sup
n

{Ln/ logn, Wn/Nn, Sn/(Nn logn), Ξ}. (5)

Let Ñn = CNNn,

Fn = UB(F ) ∩

 Ñn∪
N=1

Φ(L̃n(H0), W̃n(H0, N), S̃n(H0, N), B̃n(H0, N))


for sufficiently large CN > 0 and πN (N) be a density function of N . First, show that (a) holds. From

Lemma 4,

N
( ϵn
36

,Fn, ∥·∥L∞

)
≤

Ñn∑
N=1

(
72

ϵn
L̃n(H0)(B̃n(H0, N) ∨ 1)L̃n(H0)(W̃n(H0, N) + 1)2L̃n(H0)

)S̃n(H,N)+1

≤ Ñn

(
72

ϵn
L̃n(H0)(B̃n(H0, Ñn) ∨ 1)L̃n(H0)(W̃n(H0, Ñn) + 1)2L̃n(H0)

)S̃n(H0,Ñn)+1

(6)
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and

sup
ϵ>ϵn

logN
( ϵ

36
, Aϵ,1 ∩ Fn, ∥·∥n

)
≤ sup

ϵ>ϵn

logN
( ϵ

36
, Aϵ,1 ∩ Fn, ∥·∥L∞

)
≤ sup

ϵ>ϵn

logN
( ϵ

36
,Fn, ∥·∥L∞

)
≤ logN

( ϵn
36

,Fn, ∥·∥L∞

)
≤ log Ñn

+
[
S̃n(H0, Ñn) + 1

]
log

(
72

ϵn
L̃n(H0)(B̃n(H0, Ñn) ∨ 1)L̃n(H0)(W̃n(H0, Ñn) + 1)2L̃n(H0)

)
≲ Ñn(logn)3

≲ nϵ2n.

(7)

for sufficiently large n. Next, show that (b) holds. Note Nn(logn)3 ≲ nϵ2n and

Ln ≤ L̃n(Hn), Wn ≤ W̃n(Hn, Nn), Sn ≤ S̃n(Hn, Nn), Bn ≤ B̃n(Hn, Ñn) (8)

for Nn, Ln, Wn, Sn, Bn in Theorem 1 and sufficiently large n. Thus, there exists a constant D > 0

such that

πN (Nn) ≳ exp
(
−Nn(logn)2 log Nn

λN

)
≳ exp

(
−Dnϵ2n

)
(9)

and
Π(fθ ∈ Fn : ∥f − f0∥n ≤ ϵn)

≥ πN (Nn)Π(fθ ∈ Φ(Ln,Wn, Sn, Bn) : ∥fθ − f0∥n ≤ ϵn|Nn)

≳ exp
(
−(C +D)nϵ2n

) (10)

holds for sufficiently large n. (b) holds for C ′ = max
{
C +D, 1 + 2/σ2

}
. From

Π(F − Fn) ≤ πN (N > Ñn)

and Chernoff bound, for any positive number t, Z0 > 0,

P (Z > Z0) < e−t(Z0+1)E
[
etZ

]
≲ e−t(Z0+1)

(
exp

(
etλN

)
− 1

)
. (11)

Letting t = logZ0, we get

P (Z > Z0) ≲ e−(Z0+1) log Z0 (exp(Z0λN )− 1) . (12)

Thus,
πN (N > Ñn) ≲ e−[(Ñn+1) log Ñn+ÑnλN ](log n)2 ,

(C ′σ2 + 2)nϵ2n + λN Ñn(logn)2 − (Ñn + 1) log Ñn(logn)2 → −∞
(13)

for sufficiently large CN > 0. (c) holds.
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