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#ut 1 (Lemma8 ?). Asumme that the Hellinger balls A and B are disjoint. Then there is a uniquely
determined pair P, € A and Q,, € B such that

P = p(Prns Q) = p(A, B) := sup{p(P,Q) : P € A, Q € B}.

The measures P, and Q., are mutually absolute continuous and equivalent to P, + Q..

F31 1 (Most unfavorable set). Let p. = p(P.,Q.) = cosw, a = cose and 3 = cosn. Then most

unfavorable set for the sets (A, B) are as following:

VAP, = (sinw) [sin(w — €)\/dP, + siney/dQ.]
VAdQ,, = (sinw) [sin(w — 1)\/dQ. + sinn+/dP.].



A 1 (Theoreml ?). With the notation and assumptions of Lemm let ¢ be a measurable funciton
defined on (X, A) with the following properties:

1. For the measure P. + Q., the function ¢ is equivalent to \/dQ, /dPy,.
2. Let m = essinf¢ and M = esssupp for P.+ Q.. Then m < ¢(x) < M for all z € X.

For such a ¢, one has /d)dP < pm and /d)*ldQ < pm forall P € A and Q € B.

Consider two probability measures P. and Q.. Let w be the angle defined by w = arccos p(P., Q.)
1
and let £ be a number 0 < £ < 3 Let A be the ball

A={P:p(P,P,) > costw} = {P WP, P.) < 2sin? & }

Let B denote the ball B = {Q : h*(Q,Q.) < 2sin®(¢éw/2)}. With this notation the function ¢ can be

written
~ [sin(1 — §)w]/dQ. + [sin Ew]v/dP.
 [sinéw]v/dQ, + [sin(1 — &)w]\/dP,
The least favorable pair (Pp,, @,,) is given by v/dP,, = (sinw) ™! {[sin w]\/dQ. + [sin(1 — &)w]\/dP.}
and by the analogous expression for /dQ.,.

1
Aot 2 (Lemma 12 7). Let P, Q., &, and w be as described, with £ < 3 Leth = h(P.,Q¢), d = h(Pp, Qm),
7 = h(Pm,Qm) = V2sin(€w/2), and R(£) = [sin(1 — 2)x/4][(1 — 2¢)sinw/4]~L. Let P be an arbitrary
probability measure. Let C = h(P,P.) and z = r*/C?. Let y be the solution of the equation

P+ DR =

Then
e 0
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¢ >1 <= +/dQ. > +/dP,

sin(l — §)w + sinw > sinw.

= dP,, = (sinw) ™ *{[sin &w]\/dQ, + [sin(1 — &)w]\/dP.} > \/d sm(l —du+ smf dP.
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Hlat 3 (H|uk2?,Prop3?). Let £ = {Py : 0 € O} be a direct product of experiments £; = {Py j : 0 € O}, j €
1
J. Take a number & € (0, g] and let 1) be the test described before the statement of this lemma. Then for

any number q such that 0 < q¢ < 1 — 4&, there is a number v > 0 such that /deg < exp(—qHz(s,t))
whenever H(0,s) < yH(s,t) and /(1 —)dPy < exp(—qH?(s,t)) whenever H(0,t) < vH(s,t).
1 1
In addition, there are choices of & such that H(0',s) < EH(S,t) and H(0",t) < 1—8H(s,t) imply,
respectively,
1
[ v < exo (- Hs).
&
Lo
(1= 9)dPy < exp (= 5 H2(s,1)).

Proof. Let s and t be two elements of ©. Ei]U@PJ (P,Q) 9T (ps,j,pe.5) 7F & o o]ct.

h? = h2(p37j,pt7j) = 2gin? w;/2
rj = \V2sin€w;/2  for somet € (0, 5]

of wf, grok ¢; = h(po,j,ps,5) B2 oFH, 2mfd o] o chso] g eltc. (H(6,s) < vH(s,t) E 7Fga}
2t.)

JTosir <TL[1- 022 40

- S%z@
<exp(-(1-292) 02 )2 3on3)
= oxp (— (120 - (1‘525)7 JH(s.1))
< exp ( - %HQ(s,t)) (where v = %)

ol HeElstdl e} gL BES £EY 4 9ok

/1/)dP9 < /qudeg < exp ( - %HQ(s,t)) where H(0,s) < %H(s,t).
J
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/(1 — )Py < /1;[¢;1dpg < exp ( - %HQ(s,t)) where H(8,t) < 1—18H(s,t).
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#ul 4 (Lemma 3 ?). Assume that the following model,

yi=fo(X)+ & & X N(0,0%) i=1-n
Suppose that F is uniformly bounded. Let

Acyr i={f € F:|If = foll, < Me}.

If there exist C > 2/c* and F,, C F such that

sup log N (e/36, Ac.1 N Fo, ||-],,) < nefb, (5)
€E>€p

II(Ae, 1) > e, (6)
T(F = Fn) = ofe” (o 8nen) (7)

Then for any €, — 0, nefl — 00,

II(AC, 1, [D) = 0
in P;:)—probability as n — oo for any M, — co.

Proof. d.(fo,f) = |lfo— fll, o12ti 312t 7 o] 21Ze] N AFE %ol WeiA Ae] Galo] d, S
A}g5tel = ek,

1 1
K(Py, i, Pyi) = 5‘/2,0(1390,1,130,1) = T‘ﬂfo(ﬂ%) — ()|

| Stk webA Bulfo,) = {f € F: &(fo, f) < 0%} = Ay, ©] BTk 20} 25 0]8517] Slaha
F83] 2 jol talA] ke 5 AT Holw FEsitt.
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I(F - F, o2
I(Azje, 1 — Aje, 1) < /A, (9)
Aaen,l

A (8) 2 w= ol B & Qi

II(F - F)

1 : S eCn02€iH(]:_J:n) (by @)

—o(e™2m ) (by (@)
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AT 2 (Theorem 1 ?). Assume that the following model

yi = fo(X) + & & % N(0,6?)

i=1,--
and further assume the following prior distribution

)n7

m(0i]vj, L, W, S, B) = ;7 (0;|L, W, S, B) + (1 — 7;)d0(0;),
w(y|L,W,S,B) =1/

b

S

(L=Ly)=7(W=W,)=n(S=85,)=n(B=B,) =1.
where 7(0;|L, W, S,B) =U(#;;[—B,B]) and T =

|O(L, W, S, B)|. Suppose that0 < F < 00, 0 < p,q < 00
and d(1/p —1/2)1 < s. ;
n :n—s/(25+d)(

Then the posterior distribution concentrates at the true function with a rate
logn)3/2. That is,

(fy € ®NUB(F)

I fo = foll, > Myen|Dn) — 0
mn P( )—probabzlzty as n — oo for any M, — oco.

Proof. F =®NUB(F) 2t stz Fatfg o oJsiA oha-g vh=
HolH FZott.

T2 v

SH=C>2/0% 9} F,CF I} &

AT
s;1p log N(e/36, Ac1 N Fu,|l-l],,) < ne (10)
—log (A, 1) < —Cné> (11)
I(F — Fp) = o(e~ (€77 +2ner) (12)
o Fp = ®(Ly, Wy, Sn, By) NUB(F) 2t31 51 AFAE R 954 4] ([12)& AEge o 4= 9t
o ozt 4 ([)°] 4PTS Bol#w gt

{feFu:llfllpe <t C{f € Fu: /]l

n < €

(13)
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sup log N(6/367A671 N Fa, ||||n) (14)

[

< sup log N(e/36, Ac1 N Fo, ||| o) (by ) (15)
€E>€n

< sup IOgN(E/?’Ga-FnaH'HLOO) (16)
€E>€En

< log N(€,/36, ®(Ly, Wi, Sn, Bn), |||l ) (17)

< (Sp+1) [log Ly + Lnlog((B V 1)(W,, + 1)%) — log ;—2} (by o) (18)

< Na(logn)? (19)

= ne (20)

N, = [nd/(2s + d)]|, Wy = 6dm(m +2) + 2d
Ly = L(N,), W = Ny W,

S = (Ln — YWEN, + N,,, B, = O(NF),

dvm
where  c(gm) = (1+2de(2¢)™/v/m)~", L(N,) =3+ ﬂogQ(T c )+ 5][logy(d vV m)]
nC(d,m)
Ty = Ny ¥/ @@/ =94 (1og N,) 1 E= (0 4 d (A (d/p—s)5)  (21)

o o2 e 4 (LI)o] JHee HolHal otrt. &ut 60 ofsiAf vl Aot

‘ fn — foHL2 < Cl||f0||Bqu([0,1]d)N;S/d <en/d (22)
FHlao] AT px(z) < R <29 2707 QIs|A thgo] gttt

R 2

Ju=fo n fo‘ L2(Px) ~ ‘ fOH (23)
olAl 49} 05 & 00] obd QUEj Ao} ST Qe Ao ] gro R HOlstRt. O(%, Ly, W, Sn, Bn) &
O(Ln, Wi, Sn, Bn) 1A 4 —‘?E—J—} EUT 00] ofd QYA S JHA = REHAES ouleith. ES

Fn(¥) = ©(Ly, Wn, Sy, Bn) NUB(F) 2 |5t tha= Ed 4 At

M(Ae, 1) = 1(f € Fo : I = foll,, <€)
>TI(f € Fo: ||f = follpz < en/2)  (by (23))
T € Fos ||f = 4|, < elt) w2
ZH(fon:Hf—fn <e/t) oy (1)

> 1(f € Fali) s ||f = fu]|

S 671/4)
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€n
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