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1 Lemma 2
Lemma 1.1 (Theorem 4 of Ghosal and Van der Vaart[2007])

Let P be product measures and d,(0y,0) Do, Do 2du;. Suppose that for a sequence
(0) o,

€n — 0 such that ne,? is bounded away fmm zem, some k > 1, all sufficiently large j and sets ©, C ©

which satisfies following conditions :

sup log N (¢/36,{0 € ©,, : d,,(0,0) < €},d,,) < ne,?, (1)

€>€n

(e - ©,) 2 )
B0 ey ¢ ) @)
II(6 € O, : je, < dpn(6,00) < 2j€,)

< n5n2j2/4 3
[L(B; (0o, n: 1) se )

Then P( [ (0:dn(0,00) > M,e,|D,,)] — 0 for any sequence M, — co.
Where
f(X)
KL(f.g) =B |log | = [ e dm (4)
k
Vo) = [Jog L)~ k(1) (5)
s ,g) = 0g ——~ — , g )
k,0 g g(X)
* L& 2 L& k
B:(0p,e;k)={0€0: H;KL(PGO,Z-,PM) <e ﬁ; Vieo(Pay.ir Po.i) < Cre® 5. (6)
Here, the Cy, is the constant satisfying
E[|X, — E[X,]|F] < Cpn* ZE Pal (7)

for k> 2.
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3 General Theorem - Section(2) of Ghosal[2007]

(n)

Assumption 1 For eachn € N and 0 € ©, let P, (n)

admit densities py ~ relative to a o— finite measure
pw™M . Assume that (z,0) — pén)( ) is jointly measurable relative to A®B, where B is a o - field on O.

By Bayes’s theorem, the posterior distribution is given by :

[ 05 (X)) dIT ) (6)
Jo Py (X)dIT () (6)

) (BIX™) = , BeB (8)

Here, X s an "observation”, which, in our setup, will be understood to be generated according to Pg(n)
for some given 0y € ©.

For each n, let d,, and e,, be semimetrics on © with the property that there exist universal constants £ > 0
and K > 0 such that for every e > 0 and for each 01 € © with d,,(01,00) > €, there exists a test ¢, such
that

Pa(:')¢>n < e*K”Ca sup Pg(:')(l —¢n) < e~ Kne®, (9)
6€0O:e,(0,01)<ef

Typically, we have d,, < e, and in many cases we choose d,, = e,, but using two semimetrics provides
some added flexibility. Le Cam and Birge showed that the rate of convergence, in a minimax sense, of the
best estimators of 0 relative to the distance d,, can be understood in terms of the Le Cam dimension or
local entropy function of the set © relative to d,. For our purposes, this dimension is a function whose
value at € > 0 is defined to be log N(e£,{0 : d,,(6,00) < €},e,), that is, the logarithm of the minimum
number of d, - balls of radius €€ needed to cover an ey,-ball of radius € around the true parameter 6.
Birge and Le Cam showed that there exist estimators 0, = 9n(X(”)) such that dn(én, 6o) = Op(e,) under
PQ(:), where
sup log N (€€, {0 : d,(6,60) < €}, e,) < ne2.

€E>€n
Further, under certain conditions €, is the best rate obtainalbe, given the model, and hence gives a minimax
rate.
As in the i.i.d case, the behavior of posterior distributions depends on the size of the model measured by

above inequality and the concentration rate of the prior I, at 6y. For a given k > 1, let

By (00, e:k) = {0 € © : KL, py") < ne?, Vio(pS™, py") < nP/2ek}.



4 Convergence Rates of Posterior Distributions for Noniid Ob-
servations - Lemma 9

Lemma 4.1 (Lemma 9 of Ghosal and Van der Vaart{2007])
Let d,, and e,, be semimetrics on © for which tests satisfying the conditions of (9) exist. Suppose that for

some nonincreasing function € — N (€) and some €, > 0,

€€
N 5 {60 €6:d,(0,0)) <e},en | < N(e) for all € > e,. (10)
— ’7152
Then for every € > €, there exist tests ¢,, n > 1, (depending on €) such that Pé:)qbn < N(E)iefw
and Pe(:)(l — ¢n) < e~ Kne's? for all 6 € © such that d,(0,00) > je and for every j € N.

Proof. For a given j € N, choose a maximal set of points in ©; = {0 € © : je < d,(0,00) < (j + 1)e}
with the property that e, (6, 9,) > je& for every pair of points in the set. Because this set of points is a
je€-net over O, for e,and because (j + 1)e < 2je, this yields a set @; of at most N(2je¢)points, each at
dn-distance at least je from 6y, and every 6 € ©; is within e, distance je{ of at least one of these points.
(If ©;is empty, we take G);- to be empty also.) By assumption, for every point 6; € @;, there exists a test
with the properties as in (9), but with e replaced by je.

Let ¢, be the maximum of all tests attached in this way to some point 6; € @; for some j € N. Then

Pe(:)qﬁn < e~ KnGe)? for all j €N (11)
<> > et (12)
Jj=1 016@;
< YN (N (2je) < N(e)) (13)
j=1
< ZN(G)GiKﬂjEQ (. flx)=e"" is decreasing function.) (14)
j=1
—Kne2
= N(O) S (15)

N(je&, {0 €O : je<dn(0,00) < (j+1)e)},en) < N(je&, {0 € O : je < d,(0,600) < 2je)},en) < N(2j€).

o]t covering mumber®] o2 5E LE j € Noj Bjs N(2je)o] N(e) Bt ZAL 2 5|0z $j9t g
B}E B 4 9ot

i)

i



TS BE j e N of tfjsto],

sup Py (1-¢,) < sup e KnCe” (16)
0€O:e, (0,01)<ef 0€U;>;0;
< sup e~ Kni’e (17)
i>j
S e—K’ﬂj2€2 (18)

where we have used the fact that for every 8 € ©,, there exists a test ¢ with ¢, > ¢ and Péon)(l —¢n) <

e—Kni252.



5 Convergence Rates of Posterior Distributions for Noniid Ob-
servations - Lemma 10

Lemma 5.1 (Lemma 10 of Ghosal and Van der Vaart{2007])
For k > 2, every € > 0 and every probability measure I1,, supported on the set B, (6o, ¢ k), we have, for

every C > 0,
(n)

p _ 1
(n) 0 —(1+C)ne?
i (/ i (0) < 7070 )SCH/ 19

0o

1. 98 A4 35 4 (Jensen Inequality)o] ©15], 21919 852 X of thake] log E(X) > E(log(X))7}
(n)
p
HYES o 4 ek oln £, = log ( h )) ok bl A 25 40] 94l theo] YT
0o

2. oA (19) o = FEL A2 Hot7] o SEStel = T4 LA 1A} gt} ofof of-3-3t}
2o s 1Y 5 U
ry"” | ry"”
/ I, (6) < 1+ E 1o / ' dL,(0) | < -(1+0) (21)
p90 peO

o] uf 9] Alo] oA KL(P™, PyV)S WA Hw ohgwt 2ot
/ Uy pdIT, (6) — / Py 0,,,0dIL, (6) < —(1 + C)ne? — / Py, dIL, () (23)
wfetr] 9]o] FAAl 0 B2 RE theTt e PAE AL S 97 Ht

n Dy o — ne? n n T n 1
20 ( / 2 Al (6) < =0+ ) < B ( / (4o — PAD o) diTu(6) < ~(1 + C)ne® / Pg0>zn,9dnn(9)>
(24)



CSEEE 10,9 EU7F B, (6o, 6 k) ol 28] FAHo] 71 H o] gloeB g o] o] &35t —(1+C)ne® —
/ Pg(f’én,edﬁn(ﬂ) o] AFghe LE|H A} sitt ouf RE § € B, (6o, € k)ol thate] theo] AAge
B, (00,6, k)2] o2 RE & 4= At

(n)

p

Py = Py log (pfn)) = —KL(P\",Py") > —né. (25)
0o

aemw tewt 2 A7 & 4 oA Bt

P g > —ne? = — [ P 0, 0di1, (0) < / ne*dIl, (6) = ne’ (26)

w2k —(1+ O)ne® - / Fiy 0dIL, (0) ©] 243h& ToRA chgat 252 & 4 9t

—(1+ C)ne* — /ng>en,9dﬂn(9) < —n(l1+C)e® + ne® = —Cné. (27)
b BV [ (o= P o) diL(6) < S(loa, FYY) 23 % o, ok 22 A 92 %

R
Py (swn’g,P;:)) < —(1+C)ne? — / Péf)én,edﬂn(ao < P (S(tno, PR) < —Cne2) . (28)
. 919 A o g87]e] PA BRI 254 (Markov Incquality)of <5, 91 S X of tjat
o}, Ya > 0°] o3} P(1X| > o) < 2T A AE & 5 ek

oluf Sjef A F& Py (swn,e,Pg:)) < ane’Z) o] Aghe mfRm RS Aa} A BE AL o] goto]
theat Zol 3 4 9k

Py ( / (zn,e - ng)en,e) dIl,, (9) < Cné) < P (‘ / (en,g - Pg;”en,g) dHn(H)‘ < an2>

(29)
k
1] (o= pi0n) anvo| ary?
<
- (Cne2)k (30)
//‘ lno — P4, 9)} dIL,,(0)dPy"
< 1
- (Cne2)k (31)
nk/2ek
S Chpheak (32)
1
= GraE (33)
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/EPé;L) ( ¢ o

n)
< [

n) p(n) dﬁn(a)
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< Vio(Pp, s Bp)

2 k
Snk/e.



6 Convergence Rates of Posterior Distributions for Noniid Ob-
servations - Theorem 1

Theorem 6.1 (Theorem 1 of Ghosal and Van der Vaart[{2007])
Letd,, and e, be semimetrics on © for which tests satisfying (9) ewist. Let €, > 0,¢, — 0, (ne2)™ " =

O(1),k > 1, and ©,, C O be such that for every sufficiently large j € N,

€€
sup log N 5 {0 €0, :d,0,00) <etren | <né? (40)

€E>€n

I, (0 € ©, : je, < dn(0,6p) < 2jey)

< Kneni®/2, Al
L, (B (60, €n; k) = (41)

Then for every M, — oo, we have that
PQ(:)H“(G €0, : dn(ea 00) > Mnfn|X(n)) — 0. (42)

Proof.

2
n

1. (Lemma 9)°f 2J3}, N(¢) = e™*

S B = vt

€= Me,, M > 2 2kal 5P th20] 2705 WEsh= A4 ¢, 9

2.2
2 e—KnM €n

Pe(:)¢n <en

1_e—KnMZc2

There exist test ¢, that satisfies o
PG(:)(]' 7¢n) S efKnM (e

for all # € © such that d,(6,0y) > Me,j and for every j € N.

KM? —1> KM?/2 = KM?ne2 —ne2 > KM?ne2 /2 (44)
= —KM?ne2 + ne2 < —~KM?né? /2 (45)
= eneiefKMznefL < efKM2nei/2' (46)

ofuf ALFEHE I, (dn (6, 00) = TMey| X ™) < 10]2h AHATH HAAGS 9,01 03 14F0] 2 o] G514
theah 2 BAAE A7 5 9l

I, (dp(6,600) > JMen| X ™) < 1= 11,(dn (6, 60) > TMen| X ™)y, < ¢ (47)

= Py (dn(0,00) > TMen| X)) < P06, (48)

10



ojmf (43)=

|8

gobel thg 7 g AnE o

]
o

& A "t

rlo

Pe(on) [, (dn (0, 00) > JMen| X ™)) < Pg:)gbn (49)

2 e—Kanez

<eln 1— efng;-’ne’fL (50)
—KnMZ2e2 /2

< ;—KW (51)

< efKnMQei/2 +67Kanei/2 (52)

< 2¢~KnMe/2, (53)

3. @y = {00, : Meyj < dy(0,00) < Men(j +1)} 2k 5P Wl }8-& B 4 9lc -

(n)
. [ [

(n)

(1—¢n)pfn) ] / / —7 T (0)d Py (54)

(
Py,
py”
/ / — On) ( P(n)dH (0) (. Fubini’s theorem) (55)
Do,

Py
/ / (1= ¢p) P\ dp™diL, (6) (- pgg) dﬂfiﬂ) (56)
_ /@ ane(”)(l—qsn)dHn(G) (57)
< /O e KnMPET T (0) (- (43)) (58)
_ KRR () ) (59)

4 C > 02 1ASIEE sttt 18] (Lemma 10)°f 93] o231 -2 AHAA, 2 Ao
]

p b

f—n)dﬂn(@) > / %dnn(a) > e~ (HOMETL (B, (o, n k). (60)

Py, B (00:€nik) Py,
py"

'.'/Wdﬂ (9) < e~ (O gatisfies w.p. at most C~ F(ne2)—k/2 (61)
Py,
ry"”

= /den(e) > ¢~ (O gatisfies w.p. at least 1 — C~ k(ne2)=k/2 (62)

Py,

- / (60,en:k) “ylin(0) = /B (60,6n:k) e (HOMadIL, (0) = e O, (B, (6o, €ns k). (63)
By, (00,€n; poo 0:€n;

11



5. olu) theat 22 WF Oy = {0 € O :dy(060) > TMe,} & ThET} 20] O,,,9 GO Raofg 4

{0 €0:d,(0.00) > TMen} = | JOn; = (J{0 € On: Menj < dn(0,60) < Men(j+ 1)}, (64)
jzJ j>J
EG (41) o4 j Aol MjE UK W A, B Oanyy L {0 € O Mien < du(6,6) <
2M.76n} Eh__’ —6]"3 q"%% Hd —/l\— 911:} :

I1,(0 € ©,, : Mje, < d,(0,60) < 2M je,)

KnM?e2 52 /2 65
Hn(Bn(emen;k)) = ( )

oA PV € O, : dy(6,60) > Me, JIXM)(1 — ) 1a,] o TS THEER 7

0|
)
i)

Py (O, 5| X™)(1 = ¢n)Ia,) = Y PYVIIN0 € O, - Menj < dn(0,00) < Mey(j+ 1) X™)(1 — p)1a,)

j>J

(66)
<N PO € O, Menj < dn(6,00) < 2Mej| X ™) (1~ 6)1a,]
j=>J
(67)
[ s
=y By | (1= 6u)la, (68)
j>J /pén)dﬂn(ﬂ)
L (S]
(n)
p
/ %I, (6)
(n) | 1205 Pgy
=2 P, - (1= én)a, (69)
j>J pe
/ 5L, (0)
© Py,
[ (n)
p
/ I, (0)
(n) O Py, (14+C)ne? .
< P € n ]._ n .
< P \ LB (1=én)| (. (60))
jzJ
(70)
202 2 I1,,(©2ar5) 2
< —KnMZe U(1+C)nen .. 1
> e I, (B (B0 eni ) (. (59)) (71)
j=>J
< Ze—Kanenj eKnJW?eijz/2e(l+C)nei (72)
i>J
(73)

12



. 1 X
PO € © : dn(6,00) > TMey [ XM)(1 = ¢p)a,] < D0 e mon M 1207510,
j=J

ret

o|A] 25t et AHNELS TR EE it

(i) PyVII(0 € © : d(0,60) > TMen | X W)= )1, ] <Y e ne?(AxM22-1-0)
j=>J

(i) PSII0 € © 2 (6, 00) > JMe,, |XM)g,] < 26~ KM nel/2

(iii) Py (0 € © = dy(6,60) > TMey |X M) (1) Lac] < Py [Lac] < crimryre (- Lemma 10)

wHEbA], 6] & M, ol tste] ne;, — oo A

ne" M2_72—1 C K M2ne2 /2
Ze )+2€ nen/ +W — 0.

PYVIII0 € O : dn(6,00) > TMe, [ X™))]
j>Jd

PO(:)[H(G €0:d,(0,00) > M,e,| X™)] =0 as M, — 0.

13



7 Convergence Rates of Posterior Distributions for Noniid Ob-

servations - Lemma 1

Lemma 7.1 (Lemma 1 of Ghosal and Van der Vaart[2007/)

n(©\On —2ne?
Ifmzo(e2 )forsomek>lthenP I1,(0\ 6,|X™) = 0.

Proof.
(n) (n)
ny [ Pe Dy n n) ; (n n
L. Pe(o) ) :/ (n)dPg(O)z/pé)du():/dPé)gl
Py, Py,
2.

(n)
D
P sl (6 —dl‘[ ,(0)dP™
0o () (n) 6o
e\, py. o\e. py

/ /—dP dIl(,y(0) (. Fubini’s theorem)
6\671,

:/ /pg")dﬂ(”)dﬂ(n)(a)

0\0,

= / / dP{™dIL,(6)
0\6,

- / Pl (6)
©\On
< /@ o W) 01

=1I,(0\ 6,).

by Bayes Theorem.

14



e(l—i—C)nst, 1
o - >
From 4. ¢fHe] g4-F F5te & gt} = I1,,(Bp (0o, €n; k)) Pgn)
© p90

81)
= Py .0\ 0,X")1a,] = Py, o
0 pe
/ 0 L) (6)
© Py,
(1O (0 ©,) (52)
= TTL,(Ba (0o, eni 1))
— (HOME, o(m2neY) (83)
< 6(1+C)ne:/72n5,210(1) (84)
= o(1)e " (1-C) (85)
n 1 L a 10)
6. Py (0 O X ") 1ae] < Py Iae] < gy (- Lemm
. Py

(MY < (1)6*7“3,,(1*6') + m
7. combining 5. , 6. = Py [IL,(0 \ ©,/X™)] < o e

2 1 Fo }_ % —‘H ZL =Hd"H3gl =2 %,"———O ZFo I—/\:' 1 ZO; /\] Z1 q—
= 001 7 7| © —,—H O] O >0 [ S 1
8. (1) ne,, is bounded Ck(n En2)le/2 %1\ ] ] @- ] T O 1 = X

= TARAZ]
(ii) ne2 — oo ¢l AL C =12 TAHAZT}

S PMYIL(0,0,[X™) - 0.

15



8 Convergence Rates of Posterior Distributions for Noniid Ob-
servations - Theorem 4

o]A| 9tA] Brief explanation H-Eo|A AHst AAH, AATS ¢,2] EAA 0] semimetric d,-2 Hellinger
distance® =11 Pe(")% product measureZ =2 o THEH-Z 0]-835}9] (Ghosal[2007]2] Lemma
2), o]¢} gEo] oA 741G B Ao 7o) A H Fof Ghosal[2007]¢] Theorem 13} #A9o] Z-2 Hf
2|0 % Theorem 4°] $Y& =% sHAh o5 s T g oot 2UES dFshl v @A =
dol7kazt jiet.

Definition 8.1 (Hellinger Distance) Take measures Pa(") as Pe(n) = ®P97i on a product measurable
i=1

Ol

n

space ®(%1, A;). Assume that distribution Py, of the i-th component X; possesses a density pg ; relative
i=1

to a o-finite measure pu; on (X;, A;),i=1,...,n

(0.6 Z / NN (36)
Lemma 8.2 (Lemma 2 of Ghosal and Van der Vaart{2007])
If Pe(:) are product measures and d,, is defined by (86), then there exist tests ¢, such that

(b < e 21’Ld (90791)
for all § € © such that dy,(0,601) < {<dn (b0, 61) (87)

1
P@(”)(l _ ¢n) < 6—57”131(90791)

Theorem 8.3 (Theorem 4 of Ghosal and Van der Vaart[2007])

Let P((en)) be product measures and d, (0o, 6) Z/ VPéo.i — /Pé Z) du;. Suppose that for a sequence

€n — 0 such that ne,? is bounded away from zero, some k > 1, all sufficiently large j and sets ©, C ©

which satisfies following conditions :

sup log N (e/36,{0 € ©,, : d,,(0,00) < €},d,,) < ne,?, (88)
€>€p
Ine-e,) ome. 2

II(0 € O, : je, < dn(6,00) < 2jep)
(B (0, e )
Then P((en))[ (0:dn(0,00) > Mpe,|D,,)] — 0 for any sequence M, — oo.
Where

< enen2j2/4 (90)

X
KL(f,g) =E/ |log J;EX; = /flog ;dm (91)

16



Vio(f.9) = E7 | |log ) KL(f,9) (92)
) = Y - ) )
kolJ,9 9(X) g
n 1 n
B (0o, k) =S 0€O: ﬁ;KL(Pgo,i,PM) <é, H; Vieo(Pag.is Poi) < Cre™ 5. (93)
Here, the Cy, is the constant satisfying
E [|X, — E[X,]|¥] < Cpn~* ZE | ;%] (94)

for k> 2.

17
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Lemma 8.4 (Transformed Lemma 9 of Ghosal and Van der Vaart[2007])

Let d,, (00, 0) Z/ NN ‘/pgz) dpi,and e, (6o, 6) Z/ V/Dbo.i ‘/p.gl) du; be semimetrics

on © for which tests satisfying the conditions of Lemma 2 of Ghosal [2007] exist :
1
Pg(:)(bn < e—§ndi(90,91)
1
P = ) < o Brioaay
Suppose that for some nonincreasing functions € — N’ (¢), and some €, > 0,

’

e€
N %,{Qeezdn(ﬁ,ﬁo) <elen | <N (e) for all €> ep,.

Then for every € > €, there exist tests ¢,, n > 1(depending on €) such that

1
e*i’ﬂdi(@(},el)

’

Py < N'(e

~—

1 e 2’ﬂd (90,91)

1 .
Pe(n)(l - (bn) < 672ndn(00761)j

for all 6 € © such that d,(0,0,) < 1—18(90,01),dn(9,90) > j for every j € N.

Proof. Lemma 4.1 (Lemma 9 of Ghosal and Van der Vaart[2007]) &= : K = £,d2%(0y,01) = €

A
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Lemma 8.5 (Transformed Lemma 10 of Ghosal and Van der Vaart{2007])

For k > 2, every € > 0 and every probability measure I1* supported on the set B (0o, ¢ k), we have, for

every C >0,
pn) (/ ]ﬂdﬁ*(ﬁ) < 6(1+C)7162) < ; (98)
Vs < G
Proof.
L 41 A 554 (Jensen Inequality)o] 213l 10]2] S-S X of viste] log E(X) > E(log(X))7}

(n)

D
AR5 o 2= QIT}. o]y £, 4 = log (f)) a3 shd A BS540 o] thgo] gttt
Py,

pt(g ) ) p(gn) _ .
log - dIts ( Ly0dIL(0) = [ log - dIry (0). (99)
Dy, Dy,

2. OJA| (19) ol = & 2] S Fot7] fal FEQtel Je A4S A At et ojof of-3t
22 JHE 1T 4 ot
p‘(gn) p‘(gn)
— 2 1o _
/ DA () < 0O 1 1oy / AT (6) | < ~(1+ C)ne? (100)
Py, Py,

/fn,gdﬁ;kl(9> < —(14 O)ne. (101)
ol W 9] Alo] el KL(Fy", P,") 8 WA =9 vhgat 2
/ O00dIT% (8) — / B0, odTT(0) < —(1+ C)ne® / P40, 4T (6) (102)

wabA 9ol TwAA 7R ey e TAE A

o

% QA ek :

n p9 T — ne? n n T n *
P (/ ) < e (1+0) ) <p™ (/ (tno = P37 s ) dTT(0) < —(1+ C)ne - /P( 0, 4dIT;, (9))
(103)
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3. Lemma 5.1(Lemma 10 of Ghosal and Van der Vaart[2007]) ¥} H] 5=t ®F-24] © 2 Z7|517] ]3] th-2-%

Ze Aol A ThEHS FHoE = it} : (Chain Rule for KL-divergence)

Claim: Let P and @ be similar probability distributions. And define Kullback-Leibler divergence

KL as :
=Y P(z)log (Pig) (104)

zeQ

where () is sample space of P and Q. Then following statement is true :

KL(P(z,y), Q(x,y)) = KL(P(x), Q(x)) + Eon p[KL(P(yl2)), KL(Q(y|2))] (105)
Proof.
KL(P(z,y), ZZP z,y) log ZZP z,y)log QEx;QE :x; (106)
— Zg::zy:P(x,y) 1oggig+zm:zyjp(x,y) 1ogm (107)
= KL(P(x),Q(z)) + Eor p[KL(P(y|2)), KL(Q(ylx))] (108)
Corollary 8.6 If x and y are independent variables,
KL(P(z,y), Q(z,y)) = KL(P(x), Q(z)) + KL(P(y), Q(y)) (109)
Aol D2 AHS Hig o2 e} 22 A9 dofd 5 ot :
KL <® Pay iy ®Pg ) = KL(Pyy1,Po1) + KL(Pp, 2, Py 2) (110)

Age 2 XM = (X1, X,..., X))ol RE X; (i = 1,...,n)7} AR SYPolBg o33}

ST KL(Poyi. Pos) = <®P90,z,®P9 ) = KL(Py", Py") (111)
oA floflA] d2 HES EYE
P ( / (en,e - Pg(’])en,@) dIT (0) < —(1 + C)ne? — / Pg?en,@dn;;(a)) (112)

o] ee FelEE it

20



4. BE 9 e B (0, e; k) o thated, (111)S Ea 8o

Pe(:)fnﬂ = Pe(:) log (

Py

0o

T2 thgo] 4sA et

—(1+ C)ne* — /Pg:)é,L79dﬁZ(9) < —n(l + C)e? + ne? = —Cné’.

) = _KL(PO(:)vpg(n)) _ _

2

(113)

(114)

5. 919] ATE o] &5}7]o) YA utE I B5A(Markov Inequality)of] @35, 42]9] &&H4 X o tist

o}, Va > 0o] o3l P(|X| > a) < BEXD 7} gy

am™

Pe(:) (/ (En,o - Pe(:)ﬁn’g) dIT: (0) < _CTL€2> < Pe(:) <‘/ (fn,e B Pe(:)gn,0> dH:;(H)’ < Cne2>

where C}, =

Ck
CiCr

21

IN

IN

/‘/ (6"79 *Pe(:)fn,e) dIT* ()

’ k

apy"

(Cne?)k

[ [ (tns =23 000)[[ it o)y

(C,;Ck)nkmek

CFnke2k

1

(Cne?)k

(115)

(116)

(117)

(118)

(119)



olu] (1183 Ba(f,c;)S] el 18] theah 22 ol 2 JUTe & 4 Art -

SR 7440l OB Vio(Pag.is Poi)@t Vio(Py”, P™)e theat o] Hojge 4w et

k
Doy i Doy,i
(@) Vi,o(Pogis Poi) = Ep, , |log 0_ — Py,,ilog 0_
DPo.i Po,i
(0) Vo Py, Fy™) = E g Jlog | oy | = By, og | 5
[

)

Definition 8.7 (Application of Marcinkiewiz-Zygmund inequality)

The mean X,, of n independent random variables satisfies

k
n 1.n

17L
E-S"X,-E[-S"x;|| <cn 2N E|X,* 120
Y S| =it (D3 m ). (120)

i=1

where C;; is a constant depending only on k.

9191141 % 21} Definition 8754 X; = log( 24 ) =Py, ,log (2 ) 243t 517 =7 chgol 428 &
& % Shck:

(c)
k
1.n 1. 1 1 1 1
Eoon|=S X, —E o | =S X || =FE oy |~ o — =P 0, g —F o | =0, 9 — —P™¢,
P;0> n; P9<0> n; P() n ,0 ) ,0 Péo) n 0 6o .0
(121)
k
1 L 1 o, |k
1 pén) én) 1
= B flog | i | = Py os | o | |11 = Vo (R R (123)
9 Py,
(d)

1 ‘ RN
= E|log( 224 ) - Pay.ilog (22 )| (124)

i=1

= C',;rf}“/2

, 1 _ L
(nzﬂ«:ilog@m - puston()[ 10



T (o),(d)F (120)0] AP ohe-& 9L % ok

30

1

k _k/2 (TLZVkO P@o,i,P97i)(_1)k)
=1

< Cl’cn—k/QCkEkl(_l)lk

=
[e=}
—
<3
© 3
a2
S
2
~—
—
—_
-

°lE %

O_|.4

gotel the vt e AnE Pt

Vio(Pa, Py™) < (CLCr)n* /2"

oA ThA] Eol7HA kg B 4 Snt

/ / ](en,g —ng‘)en,g)‘kdﬁ;(e)dpgj) - / / ‘(zn,a —ng)zn,e)‘kdpgydﬁ;(a)

ko _
(tno = P n0)| atiz(0)
< /Epe(:)

/ Vio(PM, P{M)dIT (6)

(en = P t00)[ 101" i 0)

< Vk,O(Pe(:)vpe(n))
< (CrLCl)n*/2ex.
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(129)
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(133)
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o]A| (Theorem 4 of Ghosal and Van der Vaart[2007])¢] thet FH-& A2 H 2 gy,
Theorem 8.8 (Theorem 4 of Ghosal and Van der Vaart[2007])

1 n
Let P((:)) be product measures and d,(6g,0) = EZ /(, /Dog.i — ,/pg7i)2d,ui. Suppose that for a sequence
i=1

en — 0 such that ne,? is bounded away from zero, some k > 1, all sufficiently large j and sets ©, C ©

which satisfies following conditions :

sup log N (e/36,{0 € ©,, : d,,(0,00) < €},d,) < ne,?, (136)

€ES>€p

(e - e,) s ,

B0 k) ) (137)

II(6 € O, : je, < dn(6,00) < 2j€,)
(B} (0o, €n; k))

< enen’it/A (138)
Then P((g;)) [II(0 : d,(0,00) > Mpe,|Dy)] — 0 for any sequence M, — co.
Proof.

1. By Lemma 8.4(Transformed Lemma 9 of Ghosal and Van der Vaart[2007]),
Put N,(e) = e"ei, dn(0p,01) = Me,, where M > 2. Then there exist test ¢,, that satisfies

n) 2 —%n]\/126%
¢n S enen (<

1
’ 12 MR (139)
1 .
P16, < A

F,

for all # € © such that d,(6,60;) < %dn(90,91)7 dn(0,00) > Me,j

2. M 220 22 FFo| A E Mol 23 22 F545 WEdh7]ol $23] Avke AL B+

S181A) ot :

1772 12 o 1a72, .2 2 1yg2, 2
= —IM?ne’ + nek < —+M?ne} (141)
= e"SieféMrz”ei < efiMQ”Ei. (142)

olu} AtFEHE 11, (dn (6, 60) > TMe, | X ™) < 10]2hz AT AAH G ¢,0] 03 14}0] P& o]-&-517
Z

I, (dn(0,60) > JMe, | X™) < 1= T0,(d,(6,600) > TMen| X ™), < b, (143)

= Py, (da(6,00) > TMe, | X™)g,] < PV, (144)
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ol (139) o]gstd thx 7t 22 AaE A & A dot:
Pe(:) [IL,,(d, (0, 60) > JMen|X(n))¢n] < Pé:)qﬁn (145)
7ln 252
< enen e 2 (146)
1—(35an5%
—lane?
<-4 (147)
176—577/1»12(2
1 1
< a4 em M (148)
1
< 9¢” ML (149)
3. O ={0€ 0, : Meyj <dn(0,00) < Mey(j+ 1)} 2t 5p7 =W th=& 2 5= ot
pé g ™)
Py / (1= én) 75 / / (n)dHn(a)dpa(:) (150)
On,j Do, Po,

(
b
= / /(1 - (bn)%dPe(:)dHn(ﬁ) (*. Fubini’s theorem)
Onj Py,

(151)
dp™
= (n) 7, (n .. (n) _ %6
_/eM /(1—¢n)P0 dp™d, (0) (. pg = dﬂ(n)) (152)
:/ P (1 = ¢,)dIL,(6) (153)
On,j
S/ e —nMe <nd”qI1, @) (. (139) (154)
On,j
=e —FnM3e 232Hn(@n7j) (155)
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4. o|A] oE St A C > 02 145 E= gttt 18] (Transformed Lemma 10 of Ghosal and Van der
Vaart[2007))o] €3 he 3 22 AHAAL S Aol 1 — oL o] ShER Yolihl B & 4 At

(n) (n)
P D
= _am,(0) > A, (8) > e~ O (B (0, en: k). 156
) ) n
" By (60,enik) Dy,

p
'.'/%dﬂ (0) < e~ (1HOme gatisfies w.p. at most W (157)
Dy, k
py"”
= [ —dIl,(0) > ¢ —(HOIMEL satisfies w.p. at least 1 — s (158)
(n) O (ne?)

Py

(n)

—_dIl,(6) > / e~ O ATL, (0) = e~ HOMTL, (B2 (0p, €n k). (159)
By, (0.enik) Py, B2 (00,en;k)

5. ojuff th5t 22 He Oy ={0 € ©:dn(0,60) > JMe,} = that 20] ©,,;0 oz o ¢

)

{6 €0:dn(0,60) > TMen} = | JOn; = [ J{0 € On: Menj < dn(6,60) < Men(j + 1)}, (160)
i=J i>J

EG (138) A BN MjE RYSED & A, BAY Oony < {8 € O Mjen < da(0,0) <
2Mje,) ST S The-E B 4 ol

I1,(0 € ©, : Mje, < d,(0,0y) <2Mje, 1 999
( 0. %) )< dmras (161)
Hn(Bn(907€n; k))
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oA PYVII(0 € O : dn(0,00) > Mend|X™)(1 = 6,)1a;] o A5HE FoIRES Fie

Py I(On, | X ™) (1 = ¢n)Laz] = > PO € O, : Meyj < dn(0,00) < Men(j + 1)IX™)(1 — ) L]
j>J

(162)
<N PO € 0, Menj < du(8,60) < 2Mej| X ™) (1~ 6,) a2
j>J
(163)
[ (") 41T, (6
Do n( )
Z P(n Oanrj (1 _ ¢n)IA;“L (164)
> / pé”)dﬂn(ﬁ)
L Je
[ (n)
D
/ 2 _411,(0)
(n) O2nj pén)
=N Py (n)g (1= én)lax (165)
i>J Py
/ 0 SdIL,(0)
L 7O Py,
[ (n)
D
/@ 5L, (0)
(n) 25 P, (1+C)ne; L
< p e (1 — o, (156
= ; % | I,(Bx (00, €n; k)) (1= 0a)) (050
iz
(166)
1 2.2 .2 HH(GQMJ) 2
< e—gnM €] C(1+C)nen ( (155)) (167)
pz:J IL,(B;; (6o, €n; k)
<Y ez M5 Anbe 2 (140pme? (168)
j=>J
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oA &t T3t At

M2216' M2

[I1(0 € © : dn(0,00) > JMey [ X)L = ¢p) a:] <Y ™"
j>J

ZPAHES T}

(i) PYVII(G € O = do(6,60) > JMe, [XM)(1 = ¢,)Las] <Y e 1M -1-0)

j=>J
12 2

(ii) Py >[H(9 €0 :d,(0,00) > JMe, |X™)p,] < 26~ 1M e

(ii}) Py, [11(0 € © : dn(6,60) > TMen X)L = ) Iaz)e] < P llay)e] < geprizyere
( (Transformed Lemma 10 of Ghosal and Van der Vaart[?OO?]))

e, $85

IO € © : dy(6,60) > TMen | X))

1 2 M, Je] thate] nej — oo A

2,19 .9 1,2 o
< E efnen(4M j“—1-C) +2€74M ne, 4

1
Cr(neg)*/
j=J
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