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Fig. 1: A schematic view of main differences between

aleatoric and epistemic uncertainties.

Figure 3: Fig. 1 in Abdar et al. (2021).
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https://www.ibm.com/kr-ko/cloud/learn/neural-networks

MAT B2 M3 S (linear transformation)} A1 St (activation function)2}
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Fig. 1: A schematic view of main differences between
aleatoric and epistemic uncertainties.
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figure from Blundell et al. (2015).
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https://docs.pymc.io/en/v3/pymc-examples/examples/variational_inference/bayesian_neural_network_advi.html
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m = E0}=R(dropout, Srivastava, Hinton, Krizhevsky, Sutskever, and Salakhutdinov
(2014))S BH& = A

ot & MEY 2o YR EE H|Edslsts SRR, MEY
2ol upNsl dotE &5 Rl F2 AL EC

(a) Standard Neural Net

(b) After applying dropout.

Figure 9: Figure 1 in Srivastava et al. (2014), Dropout Neural Net Model. Left: A standard
neural net. Right: An example of a thinned net produced by applying dropout to the network
on the left.
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m Gal and Ghahramani (2016)0{|
A2
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(a) Standard dropout with weight averaging
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(b) Gaussian process with SE covariance function

g

-1 0

(¢) MC dropout with ReL'U non-linearities

2 -1 0 1 2 3
(d) MC dropout with TanH non-linearities

Figure 10: Figure 2 in Gal and Ghahramani (2016), Predictive mean and uncertainties on the
Mauna Loa CO2 concentrations dataset, for various models.
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Figure 11: MC dropout example for simple regression problem.
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http://mlg.eng.cam.ac.uk/yarin/blog_3d801aa532c1ce.html#NPGcanvas

s OI=23 = X9l 2H| 7}E 2 (Markov chain Monte Carlo; MCMC) g
OFE3Z M2 Sl ZAIEE At EE22 H1, 2H| 7IE2 2 E Salf
:LAP‘*OE Ho|= FEE & A|St= BiHo|Ct.

= MCMC 2TI2|S2 0l2 3= Mo 2 e Hojzl 20| ALS EEE HY
—E—E(statlonary distribution) £ 2t

m 74 2o 2t 012 JHX| 02| 5S0| M2t =, chEd e =
HEZZZ|A- S{IOIAEV\ (MH) 0*_IE|': A EE7[(Gibbs sampler),

S EL|oF 2E| 7}E Z (Hamiltonian monte carlo; HMC, Duane, Kennedy,
Pendleton, and Roweth (1987)) S0| lrC}.
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UEL|OI 2E| FIE2 = U EL| Ot S99 EH Hamiltonian dynamics)2| 2| S
850 Z=g H=Ch

o

Algorithm 1: Hamiltonian Monte Carlo

Input: Starting position §1) and step size €
fort=1,2--- do
Resample momentum r
r® ~ N(0,M)
(60,70) = (60, ™)
Simulate discretization of Hamiltonian dynamics
in Eq. (4):
o 10 — §VU(60)
for i = 1to m do
0; < 01 +eM1riy
ri < ri—1 — eVU(6;)
end
T 4 Tm — 5VU(0)
(61 f‘) = (gﬂh Tm)
Metropolis-Hastings correction:
u ~ Uniform(0, 1]
p= eH(O,)—H(O® r")
if u < min(1, p), then H¢+1) = 6

end

Figure 13: Hamiltonian Monte Carlo, from (Chen et al., 2014)
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Figure 14: Figure in numpyro docs, applying NUTS to do inference on a simple Bayesian
neural network with two hidden layers.
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https://num.pyro.ai/en/stable/examples/bnn.html
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SIEX ZAAIOIE2 3= X0 2E| FIEE

m Chen et al. (2014); Ding et al. (2014) S0f| 2|} X|OtEl =HEH
(stochastic gradient MCMC; SG-MCMC)2 X

el =5 FHER
23z el 222 Her

Algorithm 2: Stochastic Gradient HMC

fort=1,2--- do
ionally, L T as

r® ~ N(0, M)
(80, 70) = (09, 1)
simulate dynamics in Eq.(13):
for i = 1to m do
0; « 0i—1 + e M triy
T Til1 — etVU( )7QCM 1p
+N(0,2(C — B)er)

end
6@+ £(t+1)) = (8,,,,7,), no M-H step
end
Figure 15: Stochastic Gradient Hamiltonian Monte Carlo, from (Chen et al., 2014)
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SGLD

-4 2 0 2 4 -4 2 0 2 4

X X
(a) Homoscedastic model (b) Heteroscedastic model

Figure 16: BNN with stochastic gradient Langevin dynamics (SGLD, Welling and Teh (2011)),
figure from github.
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https://github.com/kw-lee/Bayesian-Neural-Networks

0| 20l = =20t 22 L2 SS0| M= UCE.
m Blundell et al. (2015)01| 2|5H | Q+=! H|0| = o3& m}(Bayes by Backprop) Y 2|5

m Maddox, Izmailov, Garipov, Vetrov, and Wilson (2019)0{| 2|3l X|Ct=l
SWAG(stochastic weight averaging Gaussian) 22|15

BBP BBP Gaussian

-4 -2 0 2 4 -4 -2 0 2 4

X X
(a) Homoscedastic model (b) Heteroscedastic model

Figure 17: Bayes by Backprop, figure from github.
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https://github.com/kw-lee/Bayesian-Neural-Networks
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[[ Approximation [ Frequentist estimation |

Bayesian estimation |

Holder space C*
Author Yarotsky (2017) | Schmidt-Hieber (2020) Polson and Rockova (2018)
Accuracy O(N—s/d) O(n—s/(s+d)) O(n—5/(s+d))
Besov space B; ,
Author Suzuki (2019) Suzuki (2019) Our work (Lee & Lee, 2023)
Accuracy O(N—s/d) O(n—s/2s+d)) O(n—s/@s+d))

Table 1: Z+&H

Azl XA, s
CHoH Al&kE 20|

GRS 208 HolCh N2 AZY B8l 2xcE

= AX| ol Y
o= RERR

o

&= (smoothness) 2=

n2 Atg2 37|58, d=

DE 2EE L2 w20

=

P

= o
£ 9
ig-O Z7|2 218E FAlgHpolylogarithmic) E7|0|C}.
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HlA=Z B2t B, , = &2 A540 0|27tsMo| FosHH WEZE Foldt
St 2710 2, 8l Z7ZHHolder space) 1} A28 = ZZHSobolev space) &
st 7o

Figure 18: H| A 270l &5t= CHFst 8H4E

Donoho and Johnstone (1998)& HAZ S27t By (Q) M EAF[CHEES =T

n” 77 Qg HRICE

e =20Me HY &7 2F (kernel regression)} Z+2 ME FH 2k(linear
s—(1/p=1/2)

[—
estimaton) 2] $BEEETpn T HOE ACHs HE EAACH
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Lee and Lee (2023)

m AN &7 & fos HAZ 32t B, ([0 1Y) off &35t= 2S5 |2 (uniformly
bounded) &420iCt. =, fo € B2, (0. 1) N\UB(F), UB(F) = {f : |f(z)| < F}.

s BET 25 p, soF X2 2| Xt d0f| THSH d(1/p — 1/2)4 < s O] MEISICL.
m M 8= RelU(z) = max{0,z} O|C}.
m MHEHASO| FHEERE Py = G0 HESTE Z=C}.

md(1/p—1/2); <s<d/pL W, [ € B} ()= BHAEETY & ATt
= d= 10|10 p < 208 Ct20| MEsict

s S 7/ T OC
n Il g p 25HI20/p-172 4

=, AFY 20| MY FHBECHE HSSIC)
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m Suzuki (2019)2} Lee and Lee (2023)
2 Z37hg 1e{sict.

O(L,W, S, B) := {W(l) e RP-1%PL p(1) ¢ P

=W,l=12-,

®(0(L, W, S, B)) and

@-GQGG@LWSB

L= 1S=0B=0

®(L,W, S, B) :=

—
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N, = l—nd/(23+d)‘|7 L, = O(log TL),

for some constant = =Z(d,p,s) > 0. £

SCH7 S ERROIM (712]) ZFe] 2BEE n /O D (logn)/* B
Hod [_—_l.
HAct

= Lee and Lee (2023)= 0| ZT}Z H|0|= AlZHLt 2502 &x
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Sparsity: spike-and-slab prior

Lee and Lee (2023)2| & HmM| M2|= Ct=21)F 2T}

m Assume prior distribution

ﬂ(ejh/j:lﬁ VV757B) = rY]ﬁ(eJ|L7VV757B) + (1 - Vj)éo(ejL

w(|L W,8, B) = 77+ ®
(5)
m(L=Lp)=7n(W=W,)=n(S=8S,)=n(B=B,) =1, (6)

where 7(0;|L, W, S, B) =U(0;;[-B, B]) and T = |©(L, W, S, B)|.
m Then the posterior distribution concentrates at the true function with a rate
€, = n~ %/ (2std) (1ogn)3/2.
m That is,
II(fo € ®NUB(F) : || fo — foll,, > Mnen|Drn) =0

in P}:)—probability as n — oo for any M,, — co.
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Sparsity: spike-and-slab prior

m O YE2[=H0|= MHY 2HO| HAZ SZHofM BIZE

|_OO ==
o= =g Jtalg oizct
— =
Hlol= AlZ 20| o|2H MM E JtES =ict

mp=q=oc U, Er{ 27 CH(Q)S HIAZ B2 B (Q
(continuously embed)=IC}t. =, Polson and Rockova (2018)
S 222 siME 4 AUk

m Polson and Rockova (2018)2 &l & 7I0f|A{ spike-and-slab A 232 E 11
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Adaptivity: unknown smoothness

m We assumed knwon model parameters N,,, W,,, S, and B,,.
m These parameters depend on the smoothness parameters p, q, s.

m Polson and Rockové (2018) showed that the Bayesian neural network with
spike-and-slab prior achive same optimal rate in Hélder space C°(Q2).

m We extened the results to Besov space with following priors on model parameters:

L,(H)=[H(logn)| V1, W,(H,N)=HN,

S,(H,N)=HNL,(H), B,(H,N)=N". "
where
N1V Z/00gn)?], (D)= =Nt z—12.. (8
Zl(erv —1)
m We get the same posterior convergence rate n~ %/ (234 (log n)3/2.
NEE! MSTHatm E74|5ta} 0| EA| AT Al 43/ 5



Relaxation: shrinkage prior

m Unlike spike-and-slab prior, shrinkage priors are relatively straightforward to
implement.

m The shrinkage prior avoids the posterior computation with varying dimensions,
and enables feasible computation.

m We extened the results to shrinkage prior

T
(0L, W, S, B) = [ [ 9(6;1L, W, S, B), 9)

Jj=1

where g(t) := g(t|L, W, S, B) is a symmetric density function and decreasing on
t> 0.
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Relaxation: shrinkage prior

€n

a L
= 72L, (B V 1)En—1(W,, + 1)Ln

Un = / 9(t|Ln, Wi, S, By)dt
[*an;an]

a

satisfies s g
on —up > ==n,
T >1—uy > Tnn R

where 1, = exp(—Kne2/S,).
9(t|Ln, Wy, Sn, Bn) is continuous on [— By, By] and

- lOgg(Bn‘L’n7Wn>Sn7B'ﬂ) 5 (IOgn)Qz

Un = / g(t|Ln7 Wny Sna Bn)dt =0 (E_Konéi) .
[=Bn,Bn]¢

for some K, Ko > 4.
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Relaxation: shrinkage prior

m Note that

The first condition (11) is a continuous relaxation for the spike part of (5).

The second condition (12) means that the prior should have enough thick tail to
sample true function.

The last condition (13) restricts the thickness of the tail to prevent a function from
being divergent.

m One can use the relaxed spike-and-slab prior which replace the spike prior (do) to
the continuous prior with enough mass around zero.
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m Variational Inference
m Monte Carlo Dropout
m Markov Chain Monte Carlo
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