The beta - mixture shrinkage prior for sparse covariances
with near-minimax posterior convergence
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1 Al&4 - Theorem 3 and Lemma 2

1.1 Theorem 3

(The upper bound of the packing number).
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[Lemma3](Lemma A.1 in [6])
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1.2 Lemma 2
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Theorem 2.5 (The Upper Bound of the Packing Number). If ¢* < p, p =< n? for some
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ol gyttt 2B R (25)9F (27) ol 93 (1)
m(Pn) < w(|s(3,00)] > sn) + 7(|[E]lmaz > Ln) (28)
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Lemma 2.6. If Xy € U(so, o) and X € U((), we have
(1) K(fso, fx) <
@) V(fz f5) < e

Proof. Lemma 3«] 52 Banerjee and Ghosal (2015) &] A4t wheptth WA OS5
U3kt 4= 222 IS5 e, 4,8 A9 TR golek Ak di = M(A), i = 1o p
= diag(d;, 1, ,p) gt ==t 23"

coCt¢@||E — So||2 for some co >0

SR = 2ol|% for sufficiently small ||S — X||% <
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= 355" —E7)EGIE 31
1 1
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< Gzt -TTYE (35)
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1 2 ~1|y3 1 -1
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1 L[ L
SRS RV T Y (41)
- T 2"
p p

_ —;Zlndi—;Z(l—di) (42)

SA B8 ANAMETHHF A
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Vil f5) = B li {7 g1 —z—%}gl LT - s 4)
_ lg, [{1 Eol 4 o) + 2 — By )}2] (44)
4 X
= % 4{K( fzo,fz)}2+Va7’(Z)} (45)
= K*(fs,, fs) + %tr [(251 — 25 (Zp! - 2—1)20] (46)
= K*(fu. f5) + %tr [Eé(zol - 2—1)2§ 2§(251 - 2—1)2(%] 47
= K*(fg, fo) + 5tr[(T— A)? 48)
K o)+ 52— 49)

i=1

54 U5 A 54 (37T thi e AR R o] Y A o] BAlo] B3 FAL ALE Y
t}. oAl R4 () Helth

K(feo f) = —5 Zlnd — d;) (50)
1= 1

< ¢ Z(l —d;)?  for some ¢ > 0 (51)

< eol®lgt =BT IE (52)

< ¢t GlI%0 — I (53)

BS54 G2 ot Fu1& Helh B54 (52)+= (35), 54 (53)2 (36) 8] A& o] &
3ok,
Remark 2.1. WA, o} &2 H54 0] A

i
e

&+ A=,

1 1
—ilnx - 5(1 —x) < (1—x)? Vo € [no,1] for small ng > 0.
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C0(1—$)2:—§1n1’—§(1—$) < COZ—W>O

In¢t¢t+1-¢ ¢t

cp = — >0

2(1 - ¢y ¢h)?

3} ol o, (51 0] A ek
SAhe 2, 54 )% AT 914 Ml AnES BHH

1 p
Vfso f5) = 5D (1= di)* + K*(fy, f5) (54)
i=1
1 - 2 4 2 2
< 5D (= d)? + UGS - Bol (55)
i=1
<S¢ - ol (56)

7} 8] 2L || - o3 < 1/(c3¢H¢3) o el 4 gk

FEA G5 AN B A3} D2 RE S Sl < /(G 2 32 How,
K2 (fsy, f5) < GCGIE = Dollp < CGIE — Bol[F A A& A8, 54 (56) 2
541 (35) 2} (36) 9] Aol o3l 4 H et o] 24 Lemma 37}%”33 At
O
Lemma 2.7 (Lee et al] (2022)). For any p X p matrices A and B, we have
1AB|I% < [|AllIBllr,  [|AB|[% < [|Allr ||Bl|
Proof. b; 7} ¥4 B9 j A Goletal spxf. 18 ¥
P P
|ABI[7 = [|(Aby, -+, Abp)[[3: = D || Abj|13 < [|AI* Y [[bs13 = [|AI[* [|BI[%:
j=1 J=1
nL AR 2 ol 7B E A9 iR olety 3
P P
|AB|[% = [[(a] B,--- ,a, B)l|[E = > _ lla BI3 < ||BII* > _ llaill3 = | BII* || All%
i=1 i=1
O

3 A4 - Lemma 4 and Theorem 5
Lemma (Lemma 3 in the paper). If ¥ € U(so, (o) and X € U(() then we have

1. K(fso, f2) < C'EIS - Soll%
2. V(fso, f2) < 3CAGQ|E - Sol|%
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Lemma (Lemma 4 in the paper). If a = b =1/2 , x > 1, and 7/x > 0 is sufficiently
small then

1 7
) 2 g 2
U

where T

(0i5) is the unconstrained marginal prior density of oy;

Theorem (Theorem 5 in the paper ; The lower bound for 7(B:,)). Here are the conditions
we need for this theorem.

1. Xo € U(s0, o) with (o < ¢

p=nP for some0 < <1

¢t<p

¢?¢F < sologp

n > max{1/¢y, so/(1 — ¢o/¢)?}logp/¢*

pt< X <logp/(o

a=b=1/2

(P*vn)t S 7S (P*V/n) " Vsologp

(Additional, From Thm 1 at page 5 of the paper) (p -+ so)logp = o(n) i.e. €2 — 0

© 2 RS & e e

10. (Additional, From page 4 of the paper) p = O(sp)

If the conditions above hold, then we have

m(Be,) > exp{ — 5+ ;)ngi}

Proof of Lemma 4
Proof. Because we have a =b=1/2,

Pij

1 — pij

Uij|pij ~ N(O, T2) y Pig ™ Beta(a, b)
is equivalent to
O'ij|)\ij ~ N(O, )\%7'2) s )\ij ~ C+(0, 1)
where CT(0, s) denotes the standard half-Cauchy distribution on positive real with a scale
parameter s.

_ _ 1 N e _
p(o.p) = p(olp)p(p) = i exp el ) (1= ) S T(1/2) = V7
—-P
p N
=\/1= (A>0) and P=311
. 2
Jacobian = ‘d)\’ = SEESIE
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1 1 N1 [ A2 1 2\
p(”’A):WeXI’(_W“>% NEIXN+1 (A1)
1 1 5\2X%41 A
:\/We’{p(_u%?a)% A (AZ+1)2

1 1 a2 1
T V2mae P ( a2’ ) (A2+1)
= p(o|A)p(A)

Hence we can conclude that

olp~ N0, 272, p~ Beta(1/2,1/2)
—p

1

is equivalent to

oA~ N(0,\27%), A~ CT(0,1)

Now we shall derive tight bound for marginal prior density of o

W“(o):/ p(o, A) dA
0
© 1 a2 1
= ——— — 50" ) =5 dA
/0 V2mAer2 ex 2)\2720>7T()\2+1)
1

change of variable : u =1/A2 & A =u"/? d\= f§U—3/2 du

_ / Tl e (- yotu) 2 Lo g
0 V2rr2 272 Tl4+u?2
> 1 o? 1
:/0 V3.2 eXp(_Tr?u)1+u
change of variable: z=1+u < u =
2

1
Ao (5) [ 2o (- 15e)a
=———exp (= —exp | — =—5z)dz
V273 P\ 12 P 272

Define exponential integral F; as the following :

du

z —

<1
Ey(2) :/1 ;exp(—zm) dz Vx>0

Then it has tight bound given as

1 2 1
B exp(—z) log (1 + 7) < Eq(z) < exp(—x) log (1 + 7) x>0
x x

Note that this tight bound is mentioned in Wikipedia : Exponential integral
Thus, we have

1 2 2

(o) = exp (J—>E1 (J—>

T 27'('3 27'2 27-2

Using the tight bound of F; given above, we get

u T
T (O’)<T 27T310g<1+ 2)
-2
(o) > lo (1 + )
(@) 27V 273 s 2

From now on, we will call these two inequalities as upper and lower bound of marginal
prior density of o;; respectively.

13


https://en.wikipedia.org/wiki/Exponentia_integral

Then, using lower bound of marginal prior density of o;;, we have the following :

[1 472

[ 1 4r? 1
5 3i log(l+xz) > 2% when0 <z <1 and 7/zissuff. small
7r

22
1 7

1
- 2T

1
>
~ 4r

273 22

Proof of Theorem 5

Proof. Note that B. is defined as
Be = {fs: S €Cp, K(fsy. f2) <% V(fso, fr) <%}
By Lemma 3, it suffices to show that
2
712 = Sol} < —5e2) = exp(~Cnel)
3¢*¢o
This is because

2
Y —l3 < 2

2 3
= K(fso.ps) < C'QIIE — Sol7 < 553 <er and V(fs,, fx) < §C4C§IIE —Soll; <€l
= fg € Bsn

so that m(Bz,) > w(HE = Nol[i < ﬁﬂ

n

Note that
2 2 2 (p+so)logp
7 (I = Zolly < se2) = 7 (1% - Sollf < )
R STG FUac¢g n
£12 2 sologp « 2 2 plogp
ZW(Z(O_U_Uij) < o aZ(Ujj—Ujj) S S ) cr<ay<y=>rt+y<a+ry
vy 3¢ n o 3¢ n
> n(max(oy; — of))? < 2 _0loBD (o — o) < —2 logp) — 7 (Apsy)
=\ Y T =3¢ plp — n  a<g<p P T T3¢ 0 ) ™o

where ¥ = (07;)
We will introduce Weyl’s theorem here. (Source : Wikipedia : Weyl’s inequality)
If A, B are n x n symmetric (or Hermitian) matrices then

Ae(A) + M(B) S A(A+B) < M(A)+ M (B) Vhk=1,---,n

where A\ (M) > --- > N\, (M) are eigenvalues of symmetric matrix M € R™*"
Here, we will plugin A=3%y, B=Y—Ygsothat A+ B=X
Also, we will use two more properties about matrix norm.

The first one is that for symmetric A, we have —||Al|, < A(A) < || 4|, where A(A) is
any eigenvalue of A. This is because

AA)? = MA?) = MATA) = [MA)] = \/AATA) < [|A],

The second one is the special case of the Holder inequality ||A|l, < /|lAll{]| Al
(Source : Wikipedia : Matrix Norm) Also, if A is symmetric, then ||A||; = ||A4||, since the

14
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former is maximum absolute column sum and the latter is maximum absolute row sum.
Thus we get ||All, < [|All; given A is symmetric.
We want to show that
Yed, s, =2l

Suppose X € A, 5,. Then we have

1% =20l <(p—-1) max |03 — o] + o o35 =3

Amin(E) > Amin(Bo) + Amin(X — o) - Weyl’s thm
2 Amin(30) — [X = Xolly . —[[Ally < A(A) < (Al

> Amin(20) — |12 —2oll; " |Alls < ||A]l; given A is symmetric

1 2 splogp 2 logp N
> Go _{(p_l)\/3C4C§p(p—l)n+\/3C4C§ ” } - B0 €U(s0,60) s B € Anx,

—1
=y —x*

Ama:z(2> < )\maac(20> + )\m(m’(2 - Z:0)
< )\max(20> + HZ - E0”2
< Amam(ZO) + HZ - 20”1

2 sologp 2 logp
<G+ (- 1)\/3€4<§ p(p—1)n + \/3C4€g n }

We shall claim that * — 0 as n — oo

s < 22 (so+1)logp _ 22 (so+p)logp o .. _
3¢4Gh n 3¢HGh n

Thus, combining the fact that {y < ¢ and * — 0, we get

Amin(2) > CO_I —%> ¢t and  Mpaz(XZ) < G+ < ¢ for all suff. large n
Hence, we have shown that
DINS An,Eo =X€ U(é)

as desired.
Using above, we get (A4, x,) > (A4, 5,) since
T (An,z )L(X € U(Q)) T (An,s)

T(Ap5) = (S € U(Q)) - (S € U(C)) > 1 (Any,) oom(EeU(() <1

Here, we shall briefly check what we have already shown.

7(Be,) 2 (I - Zoll} <

2 "
< srigeh) 2 mlns) 2 7 (4us,)

Hence, from now on, our goal is to prove that

T (Anxy) > exp(—Cne%)

15



Note that

2 splo 2 lo
. B B .12 ologp * )2 P
T (Aps,) =7 (Ig?]?((az] - Uij) < 3(4402 plp—1)n’ 112382(;;(0” jj) = 3C4C§ n >
2 splo 2 lo
-7 (I?%?{(UZJ — o) = 3¢4¢G plp — )n) o (1@?%(0” %) = 3¢ )
2 sg lo P 2 lo
B ulr ‘2 0 gP 2 &b
= i<j7r ((a” — O',L»j) < 32 plp — ) 1;[ ( 055 — ]j) < 3¢4¢2 n )

This is because all elements of 3 are independent to each other given unconstrained setting.
Observe [[%_, W”((ajj —0};)? < 34 logp) first. We want to find a lower bound of

3¢4E n
this term.
P (o *)2< 2 logp_p ul . <\/» h 2 logp
jl;[lﬁ 0jj = 0jj _3C4C§ . —j[[lﬁ U]J—Ujj‘_ P Were¢.—3C4C§ .
P
H w<ajj§0 +V4¥) Y= 0so0 thata;j—ﬂZOforall suff. large n

A A . . .
5 eXp| —5 055 ) Is decreasing function

ﬁ Vi T (ol + V) = HQ\/E exp( “(o + ﬂ)) = ljl\/%exp<—/2\(o;j + \/J)>

Note that o;; ~ I'(1,A/2) and 7%(0j;) =

\ \Y

P
> H fA exp (— (o + f ) 075 < Amaz(X0) < G0 due to energy boundedness

= {\/@exp(—2(Co + ﬂ)) }p

Using a condition logp/§4§6l < n , we have A\\/1) < A\(y since

B 2 logp [ 2 logp 2

Hence, we can proceed the above inequality as the following :

u 2 1 A P

H?T ( (055 —05;)% < 302 in) > {ﬂAeXP<—2(Co + \/@)}

0
A A
= eXp(PlOg)\\f) exp ( - *pCo - fpf)
exp(plog \v/%) exp (— Sp6o — 5000) = AWV <AG
1

exp ( PAGo — plog W)

1
1 —pl A< b ti
—plogp — plog Aﬁ) ogp/Cp by assumption

| V

Here, we shall claim that 1//9 < ¢3p'/28 for all sufficiently large n

16



3. n
1/y/i = \/QCOC \/ logp

3
< \/>C3 o *.* (o < ¢ by assumption
2 logp

3.3~ 1/2 1 :
<\/28c0p P —— - =n?, n® < Cp for some C > 0 by assumption
_\/; P oep P <Cp y p

< 3pt/?8 - p gets large enough to attain \/3/2C/y/logp < 1

We will complete our process of finding lower bound of H§:1 T ((ajj - o;-‘j)2 <
SC?‘CE 10517) as the below.
P
2 logp> 1
o < Zexp(—plogp—plog7>
13 (=) =3¢ AW
3pl/26
> exp ( plogp — plog 3 ) 1/@ < 3p'?P for all sufficiently large n
3
>e ( plogp — p(1 + + %)logp) - pt<Xand ¢* <p by assumption
> exp ( (3+ ﬁ)plogzﬁ
Hence we have
: u * \2 2 logp
jl;[lﬂ ((ajj —07;)° < 303 ) > exp ( (3+ %)plogp) (57)

for sufficiently large n.

Next, we shall find a lower bound of [];_; ﬂ“((azj —0};)? < SCZCZ ps&lj’%ﬁ) Note that
0

it can be decomposed as the following.

2 1 2 !
Hﬂ- (sz z])2 < 80 ng ) Hﬂ- }O-’Lj ;}‘ < \/g) where ¢ = 3 %0 i)g1?n

- 402 4
i< 3¢ C i< 3¢ Cop(p
= H 7 (|oiy — o] < \/5) X H m(lois] < \V/9)
(4.7)€s(X0) (4.5)¢s(X0) ,i<j

Before finding the lower bound of those two terms above, recall the tight bound of
marginal prior density of off diagonal o;; of covariance matrix.

2

m(045) < 7'\/7 log( +2L2>

Tij

1 472

o) > g (1447)
(U) 27’\/% 8 01'2]-

We will deal with []; ;1¢ss),i<; T (l0ij] < V) first.

17



(o3| > /B) = 21 (3 > \/B) = / “(017) dory

0o 2 2
<2 / log (1 + T ) do;; .- upper bound of marginal prior density of o;;
Vo TV zg

© 1 272
< 2/ ——do;; o log(l+2x) <z Vz>-—1 by supporting line lemma
NZ 7'\/73 Uzg Y ( )
[ 2 /2 1
=2 d 2T\ 5w —
T / 0ij =21\ 3 Nz

H 7Tu(|0'7;j| < \/@g) = H (1 - 77”(|O'ij| > \/gg))

(6,5)Es(20) , i<j (4,5)¢s(20) ,i<j

2 1
> (1—27 7}—) - (o] > /) <2n/
(i) ¢5(S0) <] ™ Vo \F
2 1 \p?
> (1-2r ﬁﬁ)

2 1 2
>exp | —4r e o log(l—2)>—2x when0<z<1/2
™/

Note that 7/+/¢ is small enough when n is sufficiently large - (p>v/n)~! <7 < (p*v/n)~

50 logp p(p—1)n &
< C’—\/ - =0
TV \/ s0logp 3C0C4 B

We can proceed the inequality as the following.

I[I 7ol < Vo) = exp ( —dr EL)P

3
(i.§)¢s(S0) , i< ™\

2 1
_ 2
—exp<747p ﬁﬁ)
2 - ,1\ 1
Zexp(—4 ﬁCp §> ) T/\/QESC; by above
= exp(—Cp) for some C >0

Thus we have

2 1
IT =0l <V6) > exp ( - 47192\/;\/5) > exp(—Cp) (58)

(Z,])%S(EQ) ,1<g
for sufficiently large n.

Finally, we shall find the lower bound of H(i’ feszo) T

oij — 05| <V9)
Recall that marginal prior density of off diagonal o;; given as 7%(oy;) is decreasing
function with respect to |o;;| since

S | o? 1
(o) = / exp ( - Y u) du
Y 0 V2m37r2 272/ 1+u

Also, note that since ¢ = so logp

3 <4 ZppDn — 0 as n tends to sufficiently large, we can write

if o
(‘oij—afj‘ﬁﬁ):( \/$<gzj§0w+\[{ (0,00) if o3>0

C (=00,0) if 05;<0

18
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for sufficiently large n, since o7; # 0 due to (4, j) € s(X)
Therefore, we have the following inequality.

7Tu(|a-._a’»‘" < \/5) ZQ\FWU(U:J'—’_\/@ if oj;>0
Yoo >2V/¢mt (o, — Vo) if of; <0
< (p for all ¢ # j. Those facts are given as

Combining three facts, we can yield |o7;

the following.

1. The largest entry in magnitude of positive definite matrix lies on the diagonal (Source
: Gockenbagh Linear Algebra Lemma 386)

2. Energy boundedness : A,|z||3 < 27 Az < A|z||3 if symmetric A has spec(A) =

3. Amaz(20) < Co by o € U(so, (o) assumption
Hence we have

o3| < max o | = max o < Amaz(Z0) < Go

and what follow this are
o+ Vo <2 if o7 >0
a;‘j—\/a’ <2¢ if of; <0

Using this, we get
w(|oy — o < V) = 2/ 7" (260)

50 50 250 1o %0
[I ~(os—opl < Vo) > (2verw) " = (Vor@w) ™ = (w“(%o)\/%)

(4,9)€5(X0)
1 250 logp
= exp (80 log WU@CO) + 550 log 3(‘?(2]§Qn>
0

1

2
> exp (so log m(2¢o) + = so log fin) " (32 < splogp by assumption

Note that by taking advantage of Lemma 4, we can write

“ 1 T
m(2¢0) > \/ﬁ@

Of course, we should show that 7/2(y is sufficiently small to justify the use of Lemma 4.
Since (p is fixed, we shall show that 7 — 0 as n — o

V'8 logp
p’vn
V8o log s
< V20M5°0 o < S0
~ 2 ~Y
p’vn
S0 1 9
< <— clogsg<sg<p

I ZVORRVAD

Thus 7 < % so that 7/(p is sufficiently small as n gets sufficiently large.

T < by assumption
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Combining with the condition 7 > 1/y/np? , we get
> 1 75 1
V23 4¢3 Vnp?

Now we shall proceed our target inequality.

m(2¢p)

IT oy -0 < Vo)

(i.5)€s(X0)

1 2 1
< exp (s ok (260) + Laglog 2 1)
_eXP(So Ogﬂ((o)+230 08 3 3,7,

S ( 1 ( C ) n 1 1 2 1 )
< _ - s -
= €Xp | so 10g \/ﬁpQ 250 og 3 Cngn

1 c? 1 2 1
= exp (580 log <n—p4) + 530 log 57@;0271)
1 202
= exp (550 log (W))
Here, we gonna use two inequalities

1. C*p*Q/fB < n~2 for some C* > 0

2.1/¢*>1/p
The first one comes from p < n? so that n® < C*p and the second one comes from
¢* <pand 1< (< (. Using those inequalities, we get

I (o -5 < Vo)
(i,5)€s(X0)
202 )

1
> exp <750 log (W)

2

> exp (ysolos (5 C2pp 00 p 7))
= exp (%so 1og(cp*(”%>))
— exp ( . %(7 n ;)so log p + %30 log C)
> exp ( _ %(7 + ;)so logp — %so 1ogp) for suff. large n
— exp ( — 4+ ;)50 1ogp)
Hence we have
I oy — o] < Vo) Zexp<— (4+;)sologp) (59)

(i.7)€s(X0)

At last, combining (@), (@), and (@), we have

T"(Ansy) 2 exp (= (3+ 5 )plogn) x exp(~Cp) x exp ( — (4+ 3)solog)
> exp ( -3+ 215)19 10gp> x exp(—Cp) x exp ( -4+ ;)80 10gp) x exp(Cp) x exp(—plogp)
= exp < -4+ 21[3)1910@;29) X exp ( -4+ ;)50 10gp) > exp ( -4+ ;)(p + 50) 10gp)
1
= exp ( —(4+ B)nei)
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Since we have already shown that
2
w(Be,) 2w (12 = Sollh < 55 ) 2 w(Ans) 2 7 (Ans)
0

we can conclude that .
m(Be,) > exp ( — 4+ B)nsi)

Il
4 o]AY, AAS, 247 - Theorem 2
41 B
el B e 425
X1, , Xp|X~ N0, (60)

FA BT so 2k A (o > 1ol tisl a3t 22 Ryaihe ARt

4.2 Az

ch=kiass

p+so

(p + so0)logp
n n

inf  sup }EOHi — EOH% >

I (3p < 8o < p3/2_€/2) +
3 BoU(s0,Co)

Remark 4.1. o] A8 & ZE A A 9] minimaz lower boundS 4] =T}
_ I
=59] Theorem 19| A= AFE4H < —,5_7}w A& HYPE=,ol=3p < sy <
|

n
p%/2=</2 Q wj W o] = FE o] minimaz ©] 1, 1RA] & AL % nearly minimaz (logp)
g o] 2.

e A
BRAN A7 FRA LS 2R BAS r%q@%%ﬂﬂﬁﬁ%
ﬁ%ﬂoﬂ%”ﬂ%ﬂmlﬂ%iﬁ%ﬂaﬂm%% el E A
obd 4 Rofl th gk Al Fz 7o) th3) 2k
4.3 =49
Proof. th&2] ¥ $52 Zm5hd Ak

e 3p< sy <pre/2 AL,

inf sup Bl — Xoll3 2
¥ SoeB

(61)

sglogp
n

o] 4™ St= B1 CU(s0,(0) 7k SA TS HATh (o] 4, A=)
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R EEE

o T

inf sup Eol|E — Zol|3 > S0EP
Y Yo€B2

- (62)
o] A 3= By CU(s0,0) 7 EA TS E At (AR
WA A FE —;—Eoz}u—foﬂﬂ%oﬁr—tp/%,enp: vy/logp/n o2t 2} Ay, (u)
EmAR FF Dol u S 23, YA oA RE 02 P Ho

dEole} stk =,

i=morj =
otherwise

o2} 2%} ol Al, T 7} 2o B

_Q
=

O_u

||
L’—/H

%
er

A7NA v =

31:{2(9) E —I +€an’Ym m ( )E@}

(f)/la” ' 777”) el'= {071}7”

A=, AT €A C R,
p—r

A= {)\ = ()\”) Ami € {0, 1}, ||)\m”0 =k, Z)\ml =0,
i=1

, 7}, satisfying 1121?2(1)7; Ami < 2k},
k=Tlcnp/2] — 1, cnp = [so/p], © =T x Ao]T}.
OJAl By C U(s0,¢0) Al (G1) o] A HTS Kol At
WA, 2919 G > 131 £85] 2 0ol oo 2(0) € B ] 7}
AS k3 3} 2ol 5 4 STk
)\max (2(0)) < ||¥ 0

H ( )Hl < 1+2k€np < 1+Cnp7/\/10gp/n§<
B4R AY UpA T 270 2R, kA T RSB 7

0527} o Bk A

sg(logp)* =
2 A9 (> 174 F5&3] Eneoll sl
2kenp < cppr/logp/n < <1 + i?) vy/logp/n <1—¢(;*
7RI ERE X(0) - Cgllp += t) Z+A] vl (diagonally dominant) 3§ & o] 17, t H o] L=
Agrol 0RTh AL o} o) 2475 P ool whebd], 5(0) 9 1 e mHAE
(Rt A
upx]Eto & 3(6) o] ujth 32 BT

m=ol AT Yehtee

5(2()) < 2kp < s
oAlA By CU(s0,¢0)E 24

o},
o1 A 4 (1) o] 4 H3HE Ho|A}. o] =
ey

e, the ol Rz R e B 27)Rch o] HE R e
2 OoIA A2l ds 2e A no 2] WEy(0) 2 A 9P aehe

= LE:]‘L"‘ .
Lemma 4.2 (Lemma 3 of Cai and Zhou (2012)). For any s > 0 and any estimator T of
Y (0) based on an observation from the experiment {Py, 6 € O}

r — —
2 Eod® (T > az min [|[Pig AP
max 2°Bod”(T,(0)) > o min [[Pio APi |

A Hermitian diagonally dominant matrix A with real non-negative diagonal entries is posi-

tive semidefinite. From https://en.wikipedia.org/wiki/Diagonally_dominant_matrix#Applications
and_properties &2, H 7

2++3}A| Gershgorin circle theorem ]l symmetric matrix 7} real eigenvalue &
e AR E 59 4 9l

744
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where E,a is the mizture distribution over all Py with ~;(0) fixed to be a while all other

components of 0 vary over all possible values, i.e.,

= 1
Pi,a = m Z Py,
96@1'7@

for ©; = {6 €O : 7(6) = a},
IPAQ| = / (v A @),

for probability measures P and Q which have densities p and q respectively, g is expectation
with respect to [Xy,---, X,|0], H(x,y) is the Hamming distance defined as

H(xvy):Z|xl_yl|7 .T,yE{O,].}r-
j=1

= (R gy & WO VE)/H(1(6),7()

Proof. RG-S Rtk ZA Y 2R

BA
1
25Eod* (T > 2°Epd*(T
max od*(T,¥(0)) > 27[A] %(:9 od’(T,9(0))

Eo(2d(T,(0)))* > Eo(d(T,%(0)) + d(T,(0)))*
> Eg(d(1(0), v (0)))°
2 dith upR ot RE Ao A AR A8 AL g 3T
Aesid e g At}

= 3] 22 | HO@)@) v 1
1 /
2 gy 22 B (000300
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> Eg[H v(6"))]

Q’W =
2r |ZZE€ |’Y7, z ))H
0cO =1
—ZQTWZ Z Ee [1i(6) = 7(0))]]
pel’ 6:v(0

Z Z Eo ’% —%(0")] 27" 1\1\] Z Z E9 ‘71 —7i(0 ))}}

Pi= 09’)/ 01*107

Z Z Eq |% 2r 1|A\Z Z Et‘) ‘1_% ))}}

r—1
{ A pi=00:7(0)=p pi=10:4(0

or— 1|A|

l\.')\r—l
: “M

1 /
~ 9 or— 1|A|Z Z /% ))dPy + or— 1‘A|Z Z /1_%9 dP@’}
i=1 pi=00:v(0)=p pi=10:v(0)=
1 < , 1
=3 Vg 2, 2 e [ -0 e X S dm}
=1 pi=0 0:v(0 pi=10:~(0)=p
1 < _
1 < —
> 2;/61 [Pio APia]
> L min [|[Pio AP
= 121_ 4,0 7,1
Z o] ERtTh 0
99 mzRe o s =28 Yot o F5 A4S Aok
. 2 S 2 r : . ™.
infimax2 Eol[2 = 2(O)le = ag min [[Pig A Pi |
o 714 )
o= min () - (¢ H(v(0),~v(¢
w0 9(0) = SO/ H(6),7(6)
ol th.
ojmf 2] el 6, ¢ € Ol thal

2
I5(0) = 2(6)IF = ey

Z Vi (6) A (A Z Y (0") A (A (6))
m=1

> 2kep, H(7(0),7(¢))

O]EEI{Q—TP/] ;gl_o/’l(r = Lp/zL k= (Cnp/z—‘ -1, Cnp = (30/p~|)5—1:1—‘%]‘E% E]"%% Oé%r/}

1 1 1
ar > leipr > 2 (2 _ p) Sologp _ Sologp
S0

F

n n

oA, The-& B3

rlr

AT > 00 TATE ol S o] 2ot

>
11%1? IPio AP1l| >
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oA o e > 07F EAT] BEi=1,...,7 3|

IPio APiA|| > 1

AL :={MO) €eR? : 6O}, A_;:={A_1(0) = (N\2(0),...,0(0)T eRO*P . g c O}

Zae{0,1},be{0,1)] ce A mhth he 3} 2 HEREE o B
— 1
IP>(1,0L,b,c) = ﬁ Z Py, @(1,a,b,c) = {9 €0 71 (9) =a, 7—1(9) =b, )‘—1(0) - C}'
(1,a,b,¢) 0€0 1 0.0)
047]/‘17 1(0) = (’Y( )i+ (0)T Ol Tk oA B f = f(y-1,A-1) 8 O-1 := {0,1}" " x
oA BRFE AT L E (- ) B 2T S
1
E(%L)\fl)f(’%l,)\fl) = m Z |®(1,a,b,c)|f(b> c)

(b,c)€®_1

o) aE 03 F FAL AL = FAs},

oAl W A& e € (0,1) 7F E A 5}
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