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1 Notation

370

Action space : A

Loss function : L : © x A — [0, 00)

Sample space : X

Data : X ~ Py (Probability measure on sample space)

Decisionrule : D: X — A

Minimax Risk : Ruminimaz 1= infp supgeg EgL(0, D(X))

Notation for asymptotic
Sample space : X"
Data : X ~ Py (Probability measure on sample space)

Decision rule : D : X — A

Minimax Risk : R(n)

minimax

:= infp supyee EgL(A, D(X ™))
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Definiton and notation

Bayes risk for prior w
infp f@ EgL(0,D(X))w(db)

RBayes (U)) .
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Assuming the condition for interchanging of order of integration
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4 Standard Technique
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4.1 Notation

d(@l, 92) = 1nf{L(€1, a) + L(QQ, CL) a e A} for 01, 02 €0

d(@l, @2) = 1nf{d(91, 02) : 61 € @1, 92 c @2} for subsets @1, @2 @S]

finite set F' C O n-seperated if d(6,,05) > n for all 61,0, € F 0, # 0,

e For measure on Py, ..., Py on X and weights p;

fp(Pl,...,PN)I: —

Xlrg%[mpz( z)|u(dr), where p; := dP;/dp
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4.2 Multiple Hypothesis Testing

Assume © = A={1,...,N} and L(6,a) = {0 # a}. Then,
Rminimaz > Fp(Ply ce ,PN> for every pI‘Ob p

Proof 7 ||| o|5]

N
B; . (x) Z{a # i}pi(z)pi = sz-@:)pi — pa()pa
N =1
Byu(w) = 3 _pi(w)ps — maxp;(x)p;
=1
o] 4esta o= AT 9F boundS IjE -85 .

4.3 General Testing Bound
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Qo2 ofn] gl Aeloltk. slAT ol Hgalo] 0hg el fET 4 Aok
For every n-separated finite subset F' of © we hav

7,(Py,0 € F) for all pp > 0,0 € F' with Zpg_l

0eF

Rminimax -
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Proof Since L(6,a) > (n/2){L(0,a) > n/2},

By, p(z) > 2 (ZPGPG Zpepa {L(0,a) < 7}/2})
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n . .
x) > B ( ; pope(T) — rgle%g([pgpg(x)w since F is n — separated



4.4 Assouad’s method
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Suppose O, A = {0,1}™, L(#,a) =T(0,a) = >_.7" {6; # a;} Then,
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4.5 General Assouad

oA 2 Assoudof| A A 2] SH loss functionS LHFA © 2 AFR-E]7] 9= Josso|Th.

Consider ¢ : {0,1}™ — © and suppose £ is a positive real number such that d(¢(7), (7)) >
¢L(r,7') Then,
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mim’maxz P, T P, 7
R 1 F(g})l,n [Py A Pyl

Proof Let 7, := argmin_ L(¢(7), a),

Li(r).a) > L0+ L(Y(7), )
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4.6 Le Cam
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Proof Let w = (w; + wy)/2

a 1 a 1 a
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4.7 Fano inequality
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where P := %", . Py/N.
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Lemma 4.1 non negative number aq, . ..,ax©f giof c}-= F-&2klo] 44

(log N) max a; < Zaz log (2%)

1<i<N

where @ := (a; +--- +an)/N



Proof WLOG ) a; =1, a1 = maxj<;<y a; then,
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5 Bounds via f-divergences

5.1 f-divergence?] 39
Definition 5.1 Let f : (0,00) = R conves function with f(1) = 0, f(0) == lim f(x),
f(o0) i= lim f(z)/x
Dy(Pl|Q) :== Qf(p/q) + f'(00)P{q = 0}
Example 5.1 o f(z) = |z —1[/29] &% Dy(P||Q) = ||P - Qllrv
o power divergence Do(P|Q) := Dy, (P[|Q)

(

z*—1 fora¢l0,1]

fo(e) = 1—2* forae(0,1)

xlogx fora=1

—logz fora=0

Dy (P||Q) = KL(P||Q)
2, Dy/2(P||Q) =1 — [ \/pgdy (Hellinger distance)
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Theorem 5.2 f7} convex on (0,00)0]1Z, f(1) = 09Q] - cf& H5A]o] &

>_Ds(PlIQ) = 9(7)

where g(a) == f(N(1 —a))+ (N — 1)f(1\lfvf1)
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e Linear approximation for g

g+ convex©] 1l non-increasing©] 7] 2ol a € (0,1 — 1/N]of tjj3],
9(r) = g(a) + gi.(a)(T — a)

2 4]
N

> " DH(PIIQ) > g(a) + gy (a)(F — a)

i=1

F> g4 2 DB — g(a)
- g91.(a)
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